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CHUONG 1. BAT PANG THUC VA BAT PHUONG TRINH
§1. BAT PANG THUC

I. KIEN THUC CO BAN
1.Tinh chat bat dang thirc

[ ]
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a>b<ac>hbc vol ¢>0
a>b«ac<hec voi <0

{a<b:>a+c<b+d
c<d

2. Bat dang thirc vé gia tri tuyét doi
e —|a|<a<|a|,vaeR

e |x|<ae-a<x<a (Va>0)

e [x|>ae>x<-avx>a (Va>0)

e |a|-|b|<|a+b|<|a]+|b| (Va,beR)
Vidu 1: Tim x biét: |[x—5/<3
Giai
[x-5|<3«< -3<x-5<3
& 2<x<8
3. Bit ding thirc giira trung binh cdng va trung binh nhén (Bat ding thirc C6-Si)

va>0,b>0. Ta co:

‘izb > Jab
Déu ding thic xay ra<>a=bh.

Vidu 2: Cho a > 0. Ching minh: a +g > 6. Pang thirc xay ra khi nao?
a
Giai

Via>0 va g>0 nén ta co: a+222 /ag:e
a

Ding thirc xay ra <:>a:g<:>a2:9:a:3 (via>0)
a

% HeE qua: 9 9 ,
i) x, y cung duong co tong khong doi thi xy lon nhat khi v chi khi x =y;

ii) X, y Ciing dirong va cé tich khéng déi thi x + y nhé nhdt khi v chi khi x = y.

I1. BAI TOAN AP DUNG
ab bc ac

Bai 1. Cho a, b, ¢ 1a 3 s duong. Ching minh: A2 a+b+c(*®)
C a
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Giai
(*) < a’b*+b’c* +c’a’ > abc(a+b+c)
< 2(a%” +b’c* +c%a’) = 2abc(a+b +c)
< (2% +b°c” — 2ab’c)+(b*c” +¢’a” — 2abc’ ) + (c*a’ +a’h” — 2a’hc) > 0

< b?(a—c) +c?(a—b)’ +a?(b—c)’ >0 (Hién nhién).

BAI TAP

Bai 1. Chirng minh rang:

al x*—4x+7>0 b/ —x*+2x-3<0

¢/ Véi a,b,c 1a 3 canh cua tam giac: (b+c—a)(c+a—b)(@a+b—c)<abc

d/va,b,ceR: a®+b*+c®*>ab+bc+ca
Bai 2. Chimg minh rang, néu a >0,b>0thi 1+l > 4

a b a+b

Bai 3. Chtng minh rang,néua>0,b>0thia®+b® >ab(a+b) . Dau dang thirc xay ra khi nao?
Bai 4. Chirg minh rang v6i moi s6 thyc a,b ta ludn ¢6 :

a/ a’*+ab+b*>0 b/ a*+b*>a’b+ab’
Bai 5. Chirng minh réng, néu a,b,c 1a do dai ba canh ciia méot tam giac thi :

a’+b*+c® <2(ab+bc+ca)

Bai 6. Ching minh cac bét dang thirc sau:

al a?+1>a b/ a®+b®>a’b+ab* Va>0;0>0
4
c/ (a+b+c)(1+%+1)29,Va, b,c>0 d/ a®+b’+4>ab+2(a+b)
a C
e/ (x+y)(xy+1) > 4xy, Vx,y=>0 g/ (1+%j(1+%j(1+§j28, Vva,b,c>0

Bai 7. Tim GTLN- GTNN ctia ham sb: f(x) = (x+1)(7—x), véi -1<x<7
Bai 8. Tim GTLN cua ham s

alf(x) =(2x-1)(3—x), vobi %SXS3 b/ f (x) = 4x(8 —5x), voi OSXSE
Bai 9. Tim GTNN ctia ham s6
a/ f(x):§+i, véi x>1 b/ f(x)=x+ , VOi x>1
2 x-1 3x-1 3
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§2. BAT PHUONG TRINH VA HE BAT PHUONG TRINH MOQT AN

|. KIEN THUC CO BAN
1. Khai niém bat phwong trinh mot an ‘

Dinh nghia. Cho y = f(x) va y = g(x) c6 TXD: D, va D, . Dat D=D; nD,. Cac ménh de:
£(x) > g(x); F(x) <g(x); f(x) = g(x);f(x) <g(X) goi 1a bdt phirong trinh mét an; X 1a dn s6 va D
12 TXD cua bat phuong trinh d6. S6 X, € D goi 1a mgt nghiém cua bat phwong trinh
f(x) >g(x) néu f(x,) >9g(X,) .
2. Bat phwong trinh twong dwong 7 ’

Pinh nghia. Hai bat phuong trinh cung an dugc goi 1a fwrong dwong néu chung co6 cung tap
nghi¢m.

s Neéu f,(x) <g,(x) twong duong voi f,(x) <g,(x), ta viet f,(x) <g,(x) < f,(x) <g,(X)
Vi du 1: Véi didu kién x > 5, ta ¢6 L5>1<:>7>x—5<:>x<12
X J—

3. Bién ddi twong dwong cac phwong trinh

* Cho f(x) <g(x) ¢6 TXD: D va h(x) xac dinh trén Dta co :
f(x) <g(x) < f(x)+h(x) <g(x)+h(x)
f(X) <g(x) < f(x).h(x) <g(x).h(x) néu h(x)>0, VxeD
f(xX) <g(x) < f(x).h(x) > g(x).h(x)néu h(x) <0, vxeD
* Cho f(x) <g(x) c6 TXD: D tacé:
f(x) <g(x) = [f(x)] <[g(x)]" néu f(x),g(x) >0, Vx D

Vi du 2: Giai bat phuong trinh sau: [x —4|<|x|
Giai
[x—4|<|x| = (x—4)* <x?
S X -8X+16<X* <> X >2

4. Khai niém hé bat phwong trinh mjt 4n

H¢ bat phuong trinh mt an X gdm mot s bat phuong trinh an x ma ta phai tim cac
nghiém chung ctia ching.
& Mobi gia tri x déng thot 1a nghi¢ém cua tat ca céc bat phuong trinh ctia hé dugc goi mot
nghiém ctia bit phuong trinh.
@ Gii hé bat phuong trinh 14 di tim tdp nghiém ctia bat phuong trinh d6.
I1. BAI TOAN AP DUNG:

1/ Giai bat phuong trinh: x+l <1+1 (*)
X X

Giai
« x#0
( )Q{x<l'

Vay tap nghiém bt phuong trinh: S = (-o0;1)\{0}.
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Giao trinh Toan 2

BAI TAP

Bai 1. Tim diéu kién xéac dinh rdi suy ra tip nghiém ctia mdi bt phwong trinh sau:

a/x—-1>+1-X b/ X—=2 <5+Xx—-2
C/X+L>3+i c/ X > 2
B IX=2 Jx-2

X-5 X-5

Bai 2. Trong hai bat phuong trinh sau ddy, bat phuong trinh nao twong duwong véi bat phuong

trinh: 2x-1>0
2x-1+—2 > % ya oo %5 O
X-3 x-3 Xx-3 x-3
Bai 3. Chtrng minh cac bat phuong trinh sau v6 nghiém
al x> +/x+8<-3 bl 1+ X2 —\T7+X2

Bai 4. Giai thich vi sao cac bat phuong trinh sau trong duong
a/ -4x+1>0 va 4x-1<0
b/ 2x* +5<2x -1 va 2x*—-2x+6<0
Bai 5. Giai cac bat phuong trinh sau
3x+1 x-2 <1—2x
2 3 4
b/(2x-1)(x+3)-3x+1<(x—1)(x+3)+x* -5

Bai 6. Giai cac hé bat phuong trinh sau

BXx—-2>4x+5 2X+1>3x+4
EX—-4<x+2 5x+3>8x-9
2x~1>0 SX+2 . o
¢/ {-5+x<0 a | 3
6 —5x
<3x+1

-4 >
5x-4>0 13
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§3. DAU CUA NHI THUC BAC NHAT

|. KIEN THUC CO BAN

1. Nhi thirc bac nhét va diu ciia n6
Pinh nghia. Nhj thirc bic nhit (d6i voi x) 1a biéu thirc c6 dang: ax = b, trong d6 a, b 1 hai

sb thuc cho truge, véi a=0
Pinh li. Nhj thirc bdc nhdt f(x)=ax+b ciing ddu véi hé s6 a khi x I6n hon nghiém, va trai
déu véi hé s6 a khi x nhé hon nghiém cua no.

X —00 X, +00

f(x)=ax+b Trdi dau véi a 0 Ciing dau véi a

Vi du 1: Xét ddu nhj thic sau: f(x)=-2x+5
Giai

Nhi thitc f(x)=-2x+5 c6hé s6 a=-2<0 va f(x)=0<:>x=g
X o > o0
2
f(X)=-2x+5 + 0 -
2. Ung dung

2.1. Giai bat phwong trinh tich
&Dang: P(x)>0,P(x) <0,P(x)>0,P(x) <0, vé1 P(x) la tich c4c nhi thurc.
Vi du 2: Giai bat phuong trinh: P(x) = (X —=1)(X — 2)(-=x +3) > 0

Giai
x=1
Cho P(x)=0<|x=2
X=3
Bang xét dau:
X —o0 1 2 3 +00
x-1 -0 + |+ +
X-2 - - 0 + +
X+3 + + |+ 0 -
P(x) + 0 - 0o + 0 -

2.2. Giai bat phwong trinh chira 4n ¢ miu
&Dang: P(X) >0, PX) <0, PX) >0, PX) <0
QX)) QKx) Q) QX

Vi du 3: Gidi cac phuong trinh: 3 < >
X—2 2x-1
Giai
Bpt <:>i— > <
Xx—2 2x-1
3(2x-1)-5(x—-2) -
(x-2)(2x-1)
X+7

Sy
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Bang xét diu:

X —00 -7 1 2 +00
2
X+7 - 0 + + | +
X-2 i i 0+
2x-1 i 0 - ¥
Vé trai - 0 + | - +

Vay tap nghiém S=(—o0;~7] u(%; 2}.

2.3. Giai phwong trinh, bat phuong trinh chiia 4n & trong diu gia tri tuyét déi
Pé giai ta dung dinh nghia dé khir ddu gia tri tuyét doi .

Vidu4: [x-1|<2x+5

Giai
x—1>0 {XZl
Bot X—1<2Xx+5 X>—8 xz1 _4
= & = =X>—
P Xx-1<0 x<1 ?4<x<1 3
—X+1<2x+5 x>%4

Vay tap nghiém S= (_?4 ; +ooj

II. BAI TOAN AP DUNG
1/ Giai bat phuong trinh: [x—5/<2x+3

Giai
. {sz
- X—5<2X+3 x=-8 X5 2
IS & = SX>—
P X<5 X<5 §£x<5 3
—X+5<2x+3 ng

Viy tip nghiém bat phuong trinh: S = E ; +ooj .
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BAI TAP
Bai 1. Lap bang xét ddu cac biéu thirc sau
al 22 b X3
X+3 X+2
/ X(5x —6) c/ (x— 2) (x+5)
4—x x* -9
Bai 2. Phén tich cac da thirc sau thanh nhan tir roi xét dau
al 4x? —5x +1 b/ X2 —5(1+/2)x+4+52
Bai 3. Giai cac bat phuong trinh sau
g B=XXHD b 2 < 1
X+3 X—2 4-3X

Bai 4. Giai cac bat phuong trinh
a/(—\/§x+2)(x+1)(4x—5)>0 b/ — 52X

(3x- 1)( )
(:/—3X+1S_2 d/x+2 -2
2x+1 3x+1 2x 1
Bai 5. Giai cac hé bat phuong trinh
(x—3)(\/§—x)>0 2 _ 1
Ax—3 b/{2x-1" 3-x
<X+3 |x|<1

Bai 6. Tim nghiém nguyén ctia mdi hé bat phuong trinh sau

6x+§>4x+7 15x—2>2x+l

b/
<2x+25 2(x—4)<3X;14

8x+3
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§4. BAT PHUONG TRINH BAC NHAT HAI AN

|. KIEN THUC CO BAN
1. Bat phwong trinh bac nhit hai an:
&Dang:
ax +by+c<0;ax+by+c>0;ax+by+c>0;ax+by+c<0 (@>+b" #0)
*M&i cap (X,,Y,) Sa0 cho ax, +by, +¢ < 0goi la mot nghiém bét phwong trinh ax +by+c <0
*Nira mit phang (khong ké bo (d): ax + by + ¢ = 0) chira M(X,,Y,) 12 mién
nghiém bét phuong trinh.
2. H¢ bat phwong trinh bic nhit hai an
Trong mat phéng toa do, tap hop cac diém c6 toa do thoa min moi bat phuong trinh trong
hé goi 1a mién nghiém ciia hé.

BAI TAP
Bai 1. X4c dinh mién nghiém céc bat phuong trinh sau
al2x-y<0 b/ 3x+y-1>0
Bai 2. X4c dinh mién nghiém céc hé bat phuong trinh sau
220 3x-y<0
X—y+2>
a/{ y b/ { x-2y+5<0
2X+y-1<0
59X+2y+10>0
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§5. DAU CUA TAM THUC BAC HAI

|. KIEN THUC CAN BAN
1. Tam thirc bac hai
Pinh nghia. Tam thuc bac hai ddi vai x 1a biéu thire dang: ax® +bx+c, trong do a, b, ¢ 1a
nhiing s6 cho trudc véi a = 0.
2. DAu ciia tam thirc bic hai
Cho f(x)=ax*+bx+c (a=0)
* A <0 thi f(x) cing ddu voi hé sb a, VxeR

* A=0 thi f(x) cting ddu v&i hé sd a, Vx = _b
a

* A>0 thi f(x) c6 hai nghiém x, Va x, (X, <X,). Khi d6 f(x) trai dau véi hé s6 a
VX € (X;,X,) va f(x) cung dau v6i hé s a, Vx e (—o, X;) U (X,,+o)
a>0
A<O0
a<0
A<O

*f(x):ax2+bx+c>0,VX©{

*f(x):ax2+bx+c<0,VX<:>{

Vidu1: f(x)=2x*-3x+5>0,Vx Vi a=2>0,A=9-40=-31<0
Vidu2: f(x)=x*-6x+9>0, ¥x#3 Vi a=1>0,A'=0
Vi du 3: Xét dau f(x) =x*>-7x+10
X=2
a=1>0,f(x):0<:{
X=5

Bang xét dau:

X —o0 2 5 +00
f(x) + 0 - 0 +
Vidu 4: Timm dé f(x)=x?—2x-m+5>0, VX
a=1>0
f(x)>0, Vx < < m<d
A'=1+m-5<0
Vidu 5: Tim m dé f(x) =—x?+2mx—7m+6<0, Vx
a=-1<0
f(x)<0, VX < ) <1<m<6
A'=m"-Tm+6<0

3. Bat phwrong trinh bac hai mjt 4n
Bat phuong trinh bac dang: f(x) > 0,f(x) <0,f(x) >0,f(x) <0
Voi f(x) =ax®+bx+c
& Pé giai bit phuong trinh bac hai, ta 4p dung dinh li vé ddu tam thtrc bac hai.
Vi du 1: Giai bat phuong trinh: 2x? —3x+1>0
Giai
x=1
1
X = —
2

Cho 2x*-3x+1=0<

a
1 10
2
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+ - 1 +
G —3X+1>0C>S:(—oo;%ju(l;+oo)

2 —
Vi du 2: Giai bat phuong trinh: f(x) = w >0
) X" —5X+6
Béng xét dau:
X w > % 2 3 +o0
2x% +3x -2 + 0 - 0 + | + | +
x> —5X+6 + + + 0 - 0
fx) + 0 - o+ ] - |+
Vay tap nghiém cua bt phuong trinh da cho 1a (—o0;-2]U (% ; 2) U(3;+0).
1. BAI TOAN AP DUNG
Bai 1. Vi nhitng gié tri ndo cua m thi da thirc f(x)=(2-m)x*-2x+1 luén duong v4i moi x?
Giai

Véi m=2 thi f(x)=-2x+1>0<X <% (khong thoa yéu cau bai toan)

= mgl

. a=2-m>0 m<?2
Vé&i m=2, f(x) >0, Vx<:>{ {

A':m—1<0C> m<1
Vay v61 m <1 thi da thic f(x) ludn duong véi moi x.
Bai 2.V&i moi x;y. Chitng minh rang: x? +5y? —4xy +2x —6y +3> 0 (*)
Giai
(*) ©f(x)=x*+2(1-2y)x+5y* -6y +3>0
Taco: A'=(1-2y) —(5y° —6y+3)=—(y-1) ~1<0 ma h¢ s6 a=1>0=F(x)>0,vx,y

2 p—
Bai 3. Giai bt phuong trinh 2 10X *+27

x> —7x+10
Giai
2 f—
Bat phuong trinh da cho tuong duong véi w -2<0
X" —=7x+10
Taco ;ZX—” <0
X®—7x+10
Bang xét dau:
X —o0 2 ! 5 +00
2
—2x+7 + | + 0 - | -
x? —7x+10 0 - | - 0 +
f(x) + H - 0 + ” -

Vay tap nghiém cua bt phuong trinh di cho 13 S= (2; %} U (5;+0).

11
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BAI TAP

Bai 1. Xét ddu cac tam thirc bac hai sau
al 2x* —x+5 b/ x*-4x+4
¢/ x*-7x+10 o 1-2)x* —2x+1++/2
Bai 2. Tim céc gia tri m dé mdi biéu thirc sau luén duong
a/ 2x* —x+m-5 b/ (m—-2)x*-2mx+m-9
o/ (Mm*+2)x*=2(m+Dx+1 d/ x*-2mx+6m-5
Bai 3. Tim céc gia tri m dé mdi biéu thirc sau luén 4m
al -5x* —x+m+2 b/ (m-1)x*-2(m-3)x+m-5
o/ m*x* —2(m+1)x+7 d/ —x*+2(m-5)x-16
Bai 4. Cho f(x) =+/x*>—2mx +7m—6 . Tim m dé ham s x4c dinh v&i moi x.
Bai 5. Giai cac bat phuong trinh sau

a/l-5x® +x+12<0 b/16x% + 40X +25< 0
C/3x2—4x+4,20 d/x>*-x—-6<0
Bai 6. Giai cac bat phuong trinh sau
2_ _ 2
x2 9x+14>0 b/ 22x +7x+7£_
X°—5bx+4 X“—-3x-10
C/(2x+1)(x2+x—30)20 d/x*—3x*<0
Bai 7. Tim céc gié tri cia mdé mdi phuong trinh sau ¢6 nghiém
a/(m-5)x*—4mx+m-2=0 b/(m+1)x*+2(m-1)x+2m-3=0
Bai 8. Giai cac hé bat phuong trinh
2X2+9x+7>0 4x* —-5x—-6<0
of 2+ +7> b/ 2
X“+Xx-6<0 —-4x° +12x-5<0
/—2x2—5x+4s0 g/ 2X2+x-6>0
—x?-3x+10>0 3x*-10x+3>0

Bai 9. Tim cac gia tri cia mdé phuong trinh sau c6 nghiém: x* +(m-2)x-2m+3=0
Bai 10. Chting minh rang cac phuong trinh sau v6 nghiém v6i moi m:
a/x* =2(m+1)x+2m*+m+3=0 b/(m® +1)x* +2(m+2)x+6=0

----------------------- S
ON TAP CHUONG I

Bai 1. Ching minh cac bat dang thirc sau
alla+b|<[l+ab|, véi [a]<L|bl<1
a+b a b
<= 4
l+a+b 1+a 1+b
c/la+b+c>+/ab++/bc++/ca, Va:b:c>0 khinao d'fmg thure xdy ra?
a b c

d/1< + + <2, Vab,c>0
a+b b+c ct+a

, Va;b>0 khi nao déng thure xdy ra?

12
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Bai 2. Cho hai s6 x,y thoa x+y?=1. Chitng minh rang: |x+3y| <10
Bai 3. Cho 4x—6y =1. Ching minh rang: 4x? +9y? 2%

Bai 4. Giai cac bat phuong trinh sau

g Xt2 , x=2 b 2XBX+2)
3x+1 2x-1 2X+5
Bai 5. Giai cac hé bat phuong trinh sau
2x—5>1 X—4 <5
X+3 b/ 2X -3
3x+4_1gx+2+x (x+4)(7—x)20
2 3 2—-3X
Bai 6. Giai cac hé bat phuong trinh sau
2_
y X —-8x+12<0 b/_1<10X2_3X_2<1
—(X+21)(7_X)20 C X?+3x-2
—X

Bai 7. Pinh m dé ham s6 sau x4c dinh véi moi x thudc R
a/ f(x) :\/(m—l)x2 -2mx+m+5  b/f(x) :\/m(m+2)x2 +2mx +2
Bai 8. Cho f(x)=(m+1)x*-2(m-1)x+3m—3. Tim m dé:

a/f(x) <0 v6 nghi¢m b/f(x)<0, VxeR

Bai 9. Giai cac phuong trinh sau
a/‘x2—6x+5‘:x+5 b/x* -5|x~1-1=0
c/|x +1]+[8-3x| =|9 - 2x| d/|x—2|+|x—3/=2x-5
e/ Xx—\x+1=1 g/ N3x* —9x +1=[x-2|
h/\2x+1=2++/x-3 i/3x+4-x-3=3
k/\/Bx—1=+/3x-2—/2x -3 I/3/x+5+3x+6 =32x+11

Bai 10. Giai cac bat phuong trinh sau

a/2|x+3>x+6 b/‘x2+4x—12‘<x+5
C/‘x3—8‘22—x d/4—x+‘3x2—6x‘<2x—6
e/ VX? +x-12 <8-X g/\Vx* -3x-10>x-2
. 4
h/\x>—=7x-8<x—6 i/ —J2-x<?2
e N2—-Xx <

13
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CHUONG II. THONG KE
§1. BANG PHAN BO TAN SO VA TAN SUAT

|. KIEN THUC CAN BAN
1. Théng ké |a gi? Théng ké 1a mén khoa hoc nghién ciru vé cac phuong phép thu
thap, t0 churc trinh bay, phén tich va xir 1y so liéu.
2. MAu s liéu
e Mot tap hop con hitu han cac don vi diéu tra goi la mau.
e SO phan tr ctia mau goi 1a kich thurde mau.
e Céc gia tri thu thap dugc trén mau duoc goi 1a mau s6 liéu.
Vi du 1: Piéu tra vé diém mon Toan ciia 16p 10A, ngudi ta chon ra 12 ban hoc
sinh ¢ t0 I va thu duoc két qua sau:
9 7 6 5 7 8
7 9 8 4 7 8

Khi do:

- D4u hiéu diéu tra: diém mén toan.
- Pon vi diéu tra: 16p 10A.

- Kich thudc mau: 12.

3. Tan so - Tan suat
e SO lan xuat hién cia moi gia tri trong mau so li¢u dugc goi 1a tdn so cua gid
tri do.

e Tan suat fj cia gi tri x; & ti so giita tan so n; va kich thuéc mau N.

& Thuong viét tan suit dudi dang phan tram (%).
Vi du 2: Khi diéu tra vé ning suit cia gidng lta méi, diéu tra vién ghi lai ning sut

(ta/ha) cua gidng lha d6 trén 50 thira rudng cé cung dién tich 1ha c6 mau s liéu nhu

Sau:
3 4 3 3 3 4 3 3 4 3
0 0 2 4 8 4 0 4 0 2
3 4 4 4 3 3 3 3 3 4
8 0 2 4 6 2 8 6 4 2
3 3 3 3 3 4 4 3 3 4
2 0 8 2 6 0 2 8 8 0
4 3 3 3 3 4 4 3 3 3
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2 8 6 0 0 2 2 6 4 6
3 4 4 3 3 3 3 3 4 3
8 0 2 2 6 8 6 8 0 8

Ta thay: gia tri 30 xuét hién 5 1an, 32 xuét hién 6 lan, ...
Thdng ké thanh mot bang phan bd tan sb- tan suat nhu sau:

< Bang ngang

Gi4 tri 30 | 32 34 36 | 38 | 40 42 4 |y
(x;)
Tan s 5 6 4 8 11 7 7 2 | N=50
(n)

Tan suit 10 12 8 16 22 14 14 4 | 100%

(%)

< Bang doc

Giatri | Tansé | Téan suit
(x) | (n) (%)
30 5 10
32 6 12
34 4 8
36 8 16
38 11 22
40 7 14
42 7 14

> N=50 100%

4. Bang phan b6 Tan sb - Tan suit ghép 16p
Pé trinh bay mau sé liéu (theo tiéu chi ndo d6) dugc gon gang, suc tich, nhét 1a khi c6 nhiéu
s liéu, ta ghép sb lidu thanh cac 16p.

Vi du 3: Chon 36 hoc sinh nam cta mot trudng trung hoc phé thong va do chidu cao cta ho

ta thu dugc mau sd liéu sau (don vi: cm).
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160 161 161 162 162 162 163 163 163 164

164 164 164 165 165 165 165 165 166 166

166 166 167 167 168 168 168 169 169 170

171 171 172 172 174 168

Ta c6 bang phan bd ghép 16p.

Lép (x,) Tén sb (n;) Tan suét (%)
[160 ; 162] 6 16,7
[163 ;165] 12 33,3
[166 ; 168] 10 27,8
[169 ; 171] 5 13,9
[172 ; 174] 3 8,3

3 N=36 100%

Il. BAI TAP AP DUNG

Bai 1. Piéu tra vé dién ning tiéu thy trong mot thang (tinh theo kW/h) ¢ khu phd 3,
phuong 7, quan Tan Binh. Ta chon ngau nhién 30 gia dinh trong khu ph6 do6 va thu duge
mau so liéu sau:

1651 8 | 70 | 90 | 100 90 | 100 | 75 | 80 | 90
120 140 | 100 70 | 90 | 85 | 75 | 90 | 110 | 120
1201 100 90 | 80 | 100 75 | 90 | 110 90 | 100

a. Pon vi diéu tra 1a gi?
b. Dau hiéu diéu tra 1a gi? Kich thudc miu 14 bao nhiéu?
c. Hay viét cac gia tri khac nhau trong mau s6 liéu trén.
Giai
a. Pon vi diéu tra: Khu phd 5, phuong 7, quan Tan Binh.
b. DAu hiéu diéu tra: Pién nang ti€u thy trong mdt thang ¢ ho gia dinh.
Kich thudc mau: 30.
c. Cac gi4 tri khac nhau trong mau sb liéu 1a: 70; 75; 80; 85; 90; 100; 120; 140; 165.

BAI TAP

Bai 1. Bé diéu tra diém toan mdi hoc sinh khéi 10 ctia mét truong THPT, nguoi ta chon ra
40 hoc sinh va ghi di€ém s6 cua cac hoc sinh d6 nhu sau:

16
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6 | 781917 5| 4 7 110] 8
Sl1e6e | 718|778 7167
9175818 5|78 718
9166|7171 8|9]110] 8] 7

Hay cho biét:
a. Ponvi diéu tra, ddu hiéu diéu tra, kich thudc mau;
b. Hay viét cac gia tri khac nhau ctia mau sb liéu.
Bai 2. bBé diéu tra Vé: sO xe gin may trong mdi gia dinh ¢ quan Tan Binh. Cong ty Honda
ctr nhan vién dén ngau nhién 50 gia dinh, thu thap dugc mau so liéu nhu sau:

1 2 3| 2 1 41 31 2 0 1

2 1 3| 2 0 1 o 3| 2 1

4 1 2 0 1 2 1 1 3| 2

1 2 3| 4 1 2 2 1 2 2

2 1 1 2 3|1 4| 2 2 1 0
Hay cho biét:

a. Pon vi diéu tra, ddu hiéu diéu tra, kich thudc mau.

b. Hay viét cac gia tri khac nhau ciia mau s6 lidu.
Bai 3. Picu tra vé dién ning tiéu thy trong mot thang (tinh theo kW/h) cua 30 gia dinh ¢
mot khu phé A, nguoi ta thu duoc mau s6 lidu sau:

165 | &5 65 65 70 | 50 | 45 | 100 | 45 | 100
100 | 100 | 100 | 90 | 53 70 | 141 | 42 50 | 150
40 70 | 84 59 75 | 57 | 133 | 45 65 75

a.Dau hiéu diéu tra ¢ day 1a gi? Kich thudc mau 1a bao nhiéu?
b.Hay viét c4c gia tri khac nhau trong miu sd liu trén.
Bai 4. Pé diéu tra s6 con ciia mdi gia dinh ¢ dia phuong A. Nguoi ta chon ra 40 gia dinh va

thomg ké so con cac gia dinh d6 dugc mau so lig¢u:

2 4 3 0 1 2 3 1 0 2
1 1 3 1 2 0 1 2 1 1
2 2 3 1 2 1 2 1 3 4
4 1 0 2 1 2 2 1 1 1

Hay 1ap bang phan bd tan sd, tan suit.
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Bai 5. Diéu tra diém thi hoc ky I mén toan ctia khéi 10. Nguoi ta chon ra 50 hoc sinh va ghi

lai di€ém nhu sau:

9 7 5 4 7 8 6 7 8 9
10 7 5 7 7 8 6 6 7 8
9 10 7 6 7 7 8 7 4 5
5 5 8 9 7 9 7 9 7 8
8 8 7 8 7 10 10 7 5 6

Hay 1ap bang phan bd tan so, tan suat.
Bai 6. Trong moét giai bong da hoc sinh, ngudi ta td chirc mot cude thi du doan két qua cua 25
tran ddng chil y nhat. Sau day 13 s6 phiéu dy doan ding ciia 25 trdn ma ban t6 chirc nhan

duoc:

54 |75 | 121 | 142|154 | 159 | 171 |189 |203 |211 |225 | 247 |251

259|264 | 278 | 290|325 |315 |322 | 355 |367 |388 |450 |490.

Hay 1ap bang tan sd- tin sudt ghép 16p gdm sau 16p: 16p dau tién 13 doan [50;124], 16p thir hai
12 doan [125;199]... (46 dai mdi doan 1a 74).

Bai 7. Mot tram kiém so4t giao thong ghi tbe d6 (km/h) ctia 30 chiée xe 6 to di qua tram nhu sau:

5347|559 |66 |36 |69 |83 |77 |42 |57 |51 |60 |78 |63 |46

63|42\ 55 |63 |48 |75 |60 |58 |80 |44 |59 |60 |75 |49 |63

Hay 1ap bang tan s6 — tan suat ghép 16p (chinh x&c dén hang phan nghin) gém sau 16p: Lép
dau tién 1a doan [36;43], 16p thur hai 1a doan [44;51], ...(d0 dai mdi doan 1a 7).
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§ 2. SO TRUNG BINH CONG - SO TRUNG VI - MOT

I. KIEN THU'C CAN BAN
1. S6 trung binh cong (hay s trung binh)
X+ X, o+ X,
N
Trong d6 x: gia tri trung binh; N: kich thudc mau.

X =

n

& PE cho gon ta viét: X3 + X +... + X, :in , doc 1a “tong cua cac x; voi 1 chay tur 1
i=1

dénn”

e Néu ta c6 bang phan bd tan s6 ctia m gia tri khac nhau.

Giatri | Xg X2 ] e Xm Z Voi (n1+ Ny +...+ Np= N)

Tansd | ng Ny | e, N, N

Khi @6, cong thire tinh s trung binh 1a:

m

%= X+ NpX, 4.+ Ny Xy =12n.x.

[ |
N N =

e Dbi voi bang phan bd tan sé ghép 16p, c6 m 16p:
O mdi 16p, ta xac dinh gia tri dai dién x; (1a trung diém cuia doan hay nira khoang thir
1), khi d6 s6 trung binh dugc tinh xap xi theo cong thirc:

Qz%gnixi

Vi du 1. Mgt nha thuc vat do chiéu dai cua 74 14 cay va thu dugc ban tan sd sau (don vi:

mm).
Lép Gié tri dai dién | Tan s6
[5,45; 5,85) 5,65 5
[5,85; 6,25) 6,05 9
[6,25; 6,65) 6,45 15
[6,65; 7,05) 6,85 19
[7,05; 7,45) 7,25 16
[7,45; 7,85) 7,56 8
[7,85; 8,25) 8,05 2
3 N=74

Khi d6, chiéu dai trung binh cta 74 14 nay xap xi 1a:

% ~ 5.5,65+9.6,05 +%.L.1+8.7,65+2.8,05 ~6,80(mm)

4« Y nghia s6 trung binh
Sd trung binh ctia miu s6 liéu duogc dung lam dai dién cho céac sb liéu ciia mau.
2. S6 trung vi
e Gia st ta c6 mau s lidu gom N s liéu xép theo thir tw khong giam.
19
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+ Néu N 18 thi s6 liéu dimg thir NTH g0i 14 56 trung vi.

% < \ \ n A ST , N . 2. .2 N s 4
+ Néu N chan thi trung binh cong cua so li¢u dung thi > va so ké tiép E+1 la so

trung vi.
e S6 trung vi ki hiéu: M,
Vi du 2. Diéu tra v& diém thi mdn tin hoc ctia 20 hoc sinh va sip tht ty ting dan nhu sau:
6 6 7 7 7 7 7 7 7 7
8 8 8 8 9 9 9 9 10 10

Co N=20
T . N ., , . N R
S6 li¢u dung thur > 1a 7; dtmg tha ?+1 la 8.

Vay $6 trung vi M, = 7—J2r8 =75
3. Mot
e Trong bang phan bd tan so thi gia tri ¢ tan sd 16n nhat duoc goi 1a Mot.
e Ky hiéu: M,
Trong vi du trén: diém 7 xudt hién nhiéu nhat (8 1an), nén M, = 7
@ Chu y: Mot mau sd lidu c6 thé c6 nhiéu mét.

BAI TAP
Bai 1. Trong mot truong THPT, dé tim hiéu tinh hinh hoc mon Toan cua hai 16p 10A va 10B,
ngudi ta cho hai 16p thi mon Toan cung mdt dé thi va 1ap dugc hai bang phan bo tan s6 ghép
16p sau day:
Diém thi mén Todn ciia I6p 104

L&p diém thi Tan s6
[0; 2) 2
[2;4) 4
[4; 6) 12
[6; 8) 28

[8; 10) 4
Cong 50
Piém thi mén Todn cia I6p 10B

L6p diém thi Tan s
[0; 2) 4
[2;4) 10
[4; 6) 18
[6; 8) 14
[8; 10) 5
Cong 51
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Tinh céac s6 trung binh cdng cia hai bang phan bd ¢ trén va néu nhan xét vé két qua lam

bai thi cua hai 16p.

Bai 2. Diéu tra tién lvong hang thang cua 30 cong nhan ctia mot xudng may, ta c6 bang phan

bo tan soO sau:

Tién lwong cua 30 cong nhdan xuong may

Tién luong | 300 500 700 800 900 1000 | Cong
(nghin dong)
Tan sb 3 5 6 5 6 5 |30

Tim mét cta bang phan b trén. Néu ¥ nghia cua két qua da tim duoc.

Bai 3. Cho biét tinh hinh thu hoach lta vu mua nam 1980 ctia ba hop tac xi ¢ dia phuong V

nhu sau: (1ha = 10000 m?)

Hop tac xa Ning suat laa (ta/ha) Dién tich trong lua (ha)
A 40 150
B 38 130
C 36 120

Hay tinh ning suat laa trung binh ciia vu muia nim 1980 trong toan bd ba hop tac xa ké trén.

Bai 4. Tién lvong hang thang ctia 7 nhan vién trong mot cong ty du lich la: 650, 840, 690,
720, 2500, 670, 3000 (don vi: nghin dong). Tim sd trung vi ctia cac so liéu thong ké di cho.
Néu y nghia két qua di tim duoc.
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§3. PHUONG SAI VA PQ LECH CHUAN
A.LI THUYET
1. Phwong sai
> Dé do muc d6 chénh léch giita cac gia tri v6i s trung binh, nguoi ta dua ra hai sb dic
trung 18 phuong sai Va dg 1éch chuan. Ky hidu 1a s* va s.
» Cong thuc tinh phuong sai:

s (X=X =X (X, =X)L o
s = N _Nizﬂ:(xi X)

@ Chu y: C6 thé bién ddi cong thirc tinh phuong sai thuan tién hon:
2
13 1 (<
P ==Y X' ——| ) X

2. P6 1éch chuin

» Cong thuc tinh do 1éch chuén; |s = \/S_2 = %Zn:(xi —i)z

i=1

Vidu 1. O viduy 2 cua §2, ta co:
- Biém trung binh caa 20 hoc sinh 1a:

- 26+87+48+4.9+2.10
X = :7,8
20
. 2 . 2 . 2 . 2 _ 2
- Phuong sai: s° = 2678 +8.(7-7.8)" +48 2Z),S) +4.0-78) +210-7.8° _, oo

- D¢ léch chuan: s=./1,36 =1,17.
1. BAI TAP AP DUNG
Bai 1. Piéu tra vé s hoc sinh cta 20 16p hoc & mot trudng chuén ta dugc mau sb lidu:
30 | 35 34 36 32 36 34 35 30 35
31 | 33 36 34 35 30 35 32 35 35
a. Hay tinh s trung binh hoc sinh mdi 16p.

b. Tinh s trung vi va mot.
c. Tinh phuong sai va d6 1éch chuan.

Giai
Béng phan bd tan sb
Giatri | 30 31 32 33 34 35 36
Tansd | 3 1 2 1 3 7 3 N =20

a. S6 trung binh:

X 3.30+1.31+2.32 +1.2303+3.34+7.35+3.36 33,65

b. Sé trung vi:

S ding vi tri g 1234 va g+1 la 35.
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34+35

= SO trung vi M, = =34,5

o Mot: S6 35 ¢o tan s6 16n nhat 14 7 = M, = 35
c. Phuong sai

o 3.(30-33 65)° +1.(31— 33,65)% + 2.(32 — 33,65) +1.(33— 33,65)? + 3.(34 — 33,65)? + 7.(35— 33, 65)” + 3.(36 — 33, 65)°
B 20

=4,13
e Do léch chuin: s=./4,13=2,03.
BAI TAP
Bai 1. C6 100 hoc sinh tham gia ky thi hoc sinh giéi mén Toan (thang diém 1a 20). Két qua
duoc cho trong bang sau:

Diém 9 10 11 12 | 13|14 |15 |16 | 17 | 18 19 z

Tansbd | 1 1 3 5 8 |13 19|24 | 14| 10 2 | N=100

a. Tinh s6 trung binh.
b. Tinh s6 trung vi va mot. Néu y nghia caa chdng.
c. Tinh phuong sai va do léch chuan.
Bai 2. Bang sau day trich tir s6 theo ddi ban hang ctia mot cta hang ban xe may

Sé xebantrongngay | 0 1 2 3 4 5

Tan sb 2 13 15 12 7 3

a. Tim s xe trung binh béan dugc trong mot ngay.
b. Tim phuong sai va d6 léch chuén.

Bai 3. Cho hai bang phan b tan s6 ghép 16p:

Bang 1: Khoi lwong ciia nhom ca mé thir [

Lé6p khéi luong (kg) | [0,6;0,8) | [0,8:1,0) | [1,0:;1,2) | [1,2:14] Cong

Tan sb 4 6 6 4 20

Bang 2: Khoi lwong ciia nhém ca mé thir I

Lép khéi lwong | [0,5;0,7) | [0,7;0,9) | [0,9;1,1) | [1,1;1,3) | [1,3;1,5] | Cong
(ka)

Tan sb 3 4 6 4 3 20

a. Tinh céc s6 trung binh cong cuia cac bang phan b tan s ghép 16p da cho.
b. Tinh phuong sai ctia cic bang phan b tan s6 ghép 16p da cho.
c. Xét xem nhoém ca nao c6 khdi lugng dong déu hon?
Bai 4. S6 liéu sau dy cho ta 1ai (quy tron) hang thang cua mét cta hang trong nam 2005.
(Pon vi: triéu dong).

Thang | 1 2 3 4 5 6 7 8 9 10 | 11 | 12

Lai 12 | 15 | 18 | 13 | 13 | 16 | 18 | 14 | 15 | 17 | 20 | 17

a. Tim sb trung binh, s trung vi.
b. Tim phuong sai va d6 1éch chuén.

Bai 5. SO lwong khach dén tham quan tai mot diém du lich A trong mdi thang duoc thong ké

trong bang sau day:

Thang 1 2 3 4 5 6 / 8 9 10 | 11 | 12
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S6 khéach | 430 | 560 | 450 | 550 | 760 | 430 | 525 | 110 | 635 | 450 | 800 | 950

a. Tim s6 trung binh, sb trung vi.
b. Tim phuong sai va d6 1éch chuén.
ON TAP CHUONG II

Bai 1. Doanh thu cua 8 ctra hang an trong mot ngay ¢ khu phd A (don vi: triéu dong) nhu
Sau.

2 2 25 2 10 100 2 10
Tim sd trung binh va s6 trung vi. S6 ndo dai dién tot hon?

Bai 2. Mot cau lac bo thiéu nhi trong dip hé c6 md 7 16p ngoai khod. Si sb cuia cac 16p twong
ung la:
43 41 52 13 21 39 46

Tim s6 trung binh va so trung vi.

Bai 3. S tién cudc phi dién thoai (don vi: nghin ddng) cia 7 gia dinh trong khu phd A phai
tra dugc ghi lai nhu sau :
83 79 92 71 69 83 74
Tinh s trung binh, ) trung vi, mét va do 1éch chuan.
Bai 4. Nguoi ta phan 400 qua trimg thanh nam 16p can ctr vao khéi luong cua ching (don vi:
gam). Ta c0 bang phén bo tan so ghép 16p sau:

Lop Tan s6
[27,5; 32,5) 18
[32,5; 37,5) 76
[37,5; 42,5) 200
[42,5; 47,5) 100
[47,5;52,5) 6

N =400

a. Tinh s trung binh

b. Tinh phuong sai va do 1éch chuan.
Bai 5. Mot nguoi l4i xe thudng xuyén di lai gitra hai dia diém A va B. Thoi gian di (tinh bang
phut) dugce ghi lai trong bang phan bo tan s6 ghép 16p sau day:

Lop Tan s
[40 ; 44] 9
[45 ; 49] 15
[50 ; 54] 30
[55; 59] 17
[60 ; 64] 17
[65; 69] 12

N =100

a. Tinh thoi gian trung binh ma ngudi d6 di tir A dén B.
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b. Tinh phuong sai va do 1éch chuan.
Bai 6. Mot nha nghién ciru ghi lai tudi ciia 30 bénh nhan mac bénh dau mat hot. Két qua thu
duoc mau so liéu sau.

21 17 22 18 20 17 15 13 15 20
15 12 18 17 25 17 21 15 12 18
16 23 14 18 19 16 13 19 18 17

a. Lap bang phan bb tan sb.

b. Tinh s trung binh va d¢ 1éch chuan.

c. Tinh sb trung vi va mét.

Bai 7. Nguoi ta tién hanh phong van mot sb ngu’(‘riqvé bd phim méi chiéu trén truyén hinh.
Nguoi dicu tra yéu cau cho diém bd phim (thang diém la 100). Két qua dugc trinh bay trong
bang phén bo tan so ghép 16p sau day:

Lop Tan s
[50 ; 60) 2
[60 ; 70) 6
[70; 80) 10
[80 ; 90) 8
[90 ; 100)

N =30

a. Tinh s6 trung binh.
b. Tinh phuong sai va d6 léch chuan.
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CHUONG III. CUNG VA GOC LUQNG GIAC
§1. CUNG VA GOC LUQNG GIAC

I. KIEN THUC CO BAN
1. KHAI NIEM CUNG VA GOC LUQNG GIAC
1.1. Pwong tron dinh hwéng va cung lwgng giac
Puong tron dinh hwéng la mot duong tron trén do ta da chon mot chiéu chuyén dong
goi la chiéu dwong, chiéu nguoc lai la chiéu am.
@ Ta quy udc: chiéu dwong la chiéu quay ngiege véi chiéu quay cia kim dong hé.
Mot diém M di dong trén duong tron theo mot chiéu nl}ét dinh (am hodc duong) tur A
dén B tao nén mdt cung lwgng giac c6 diém dau la A, diém cudi 1a B.
Ki hiéu: AB
1.2. Géc lwgng giac

m m

Vv

7 u 0

Cho 2 tia Ou, Ov va tia Om quay quanh O theo mét chiéu nhat dinh tir Ou dén Ov. Ta ndi
Om quét mot goc lugng gidc (tia dau 1a tia Ou, tia cudi 1a Ov). Ki hiéu (Ou, Ov)
1.3. Puong tron lwgng giac

Trong mit phang toa do Oxy, v& dudng tron dinh huéng tim O béan kinh R= 1.
Chon diém A(1; 0) lam diém gbc. Pudng tron xac dinh nhu trén goi 14 dwong tron hrong
giac.
2. SO PO CUA CUNG VA GOC LUQNG GIAC
2.1. Do va radian
a. P9: + Puong tron ban kinh R ¢6 d6 dai bang 2nR va sé do bang 360°.
+ Cung tron ban kinh R ¢6 s6 do a° (0 < a° < 180°) thi d¢ dai ¢ = % :
. L 3 L s 3 0 0
Vidu 1: + S6 do 7 duong tron la 7 360" = 270".

r.12R  27R
180 3
b. Radian: Cung tron ¢ do dai bang ban kinh goi 13 cung c¢6 s do la 1 radian (1)

+ Cung tron ¢6 ban kinh R ¢ s6 do 72° thi d6 dai cung ¢ =

+ Toan bd dudng tron c6 so do radian 1a 2 7
I

R ,
+ Cung c6 d0 dai | thi s6 do radian 1a < = =
/)
+ Cung tron ban kinh R ¢6 s6 do a rad thi d6 dai: (=a.R
26
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+ Cong thtrc lién hé gitra d6 va radian: a_ 2
r 180

@ Luwu y: bang chuyén d6i s6 do do va sé do radian:
Do 30° | 45° 60° 90° 120° | 135° |150° |180° |270° |360°
Radian | = T

6 |4 2 3 |4 |6 2
Téng quat: sd (Ou, Ov) = a° + k.360° k € Z

sd (Ou,Ov) = a™+k27, ke Z
2.2. S6 do cung lrong giac

T 27 3 57 T 3_7z 21

w|y

m

a A
So do ctia mot cung luong giac VY la mot so thuc ki hicu sd VY
S6 do cuia cung luong giac ¢ cung diém dau va diém cubi sai khac nhau mot boi ciia 27
!
Taviét: sd VY = a+k2n
2.3. Sb do ciia géc hrgng giac
e
S6 do cuia goc lugng gidc (Ou, Ov) 1a s6 do cua cung luong giac VY twong ing
2.4. Biéu dién cung lwong gizic trén dlr(‘)’ng tron lwgng giac
Chon diém A(1; 0) 1a dlem gbc cua tat ca cac cung luong giac trén duong tron luong gidc. Dé biéu
dién cung lugng gidc c6 sd do « trén dudng tron lugng giac ta can chon diém cudi M sao cho

s6 do cung AM bang «

II. BAI TAP AP DUNG
Bai 1. Pi s6 do cua cac cung tron sau thanh sb do radian.
1. a° =15°
.. a a 157z =«
Tacd: —=—=Dag="=—
7 180 180 12
2. b’=22°30°
: s,
] = —g=2_-"
2 2 180 8
Bai 2. Poi s6 do d6 radian cia cac cung tron sau thanh s do do.
Sr o a > 180
*a=—:tacé—=—:>a=12—=75°
12 7 180 T
L g
Y P N E— Y [\
2 V4
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Bai 3. Biéu dién goc luong giac cua sé do: 780°, -270°, sr

780/ = 60°+ 2.360° -270° 3
2,
BAI TAP
Bai 1. Pién vao cac 6 trong trong bang sau day:
S6 do d6 -30°|  -240° 3100°
86 do radian 3 167 687
4 3 5

Bai 2. Coi kim gio 1a tia Ou va kim phut la tia Ov. Hay tim s6 do cua cac goc luong giac (Ou; Ov)
khi dong ho chi: 3 gio, 4 gio, 9 gio, 10 gio.
Bai 3. Chirng minh rang;

a. Hai goc lugng giac c6 clng tia dau va c6 s6 do % va % thi ¢6 cling tia cubi.

b. Hai goc lugng gidc co cung tia dau va ¢ s do 1a 645° va —435° thi c6 cling tia cudi.
c. Cho ngii gidc déu AsA1AAA, ndi tlep trong duong tron tdm O (céc dinh duoc sip xép theo
ghgu ngugc chiéu quay kim d6ng ho). Tinh s6 do d6 va radian cua cac cung luong giéc :
AcAi, AA(1,)=0,1,2,3,4.1=])
Bai 5. Tim gdc luong giac (Ou, Ov) c6 s6 do duong nho nhat biét mot goc lugng giac (Ou, Ov)
c6 so0 do:
307 D 1oz

A.-90° B. 1000° C.— .
2 11
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§2. GIA TRI LUQNG GIAC
CUA GOC (CUNG) LUQNG GIAC

|. KIEN THU'C CAN BAN
1. Gia tri lwgng giac sin va cosin.

Cho M(x,y) thudc duong tron lugng giac sao cho goc (OA; OM) = «
a. Cac dinh nghia

e Hoanh d6 x ctua diém M 1a c6sin cia goc a
Ky hiéu: cos(OA , OM)=coso. = OH = X
e Tung d0 y cta diém M 14 sin cia goc o
X X Ky hiéu: sin(OA , OM) =sina. = OK =y
Truc OX goi la truc sin. Truc Oy la truc cosin.

- - - -
R

e Néu cosa =0 (o L kr,k € Z) thi ti s6 sNa goi la tang cua goc a.
2 cosa
z . ... 4 COScx Cqs A , ,
e Néu sina # 0 (o= kr,keZ) thi ti sO — goi la cotang cia goc a.
sina
Ky hi¢u: tana:w; cotoczc_Oﬂ
cosa sina
b. Tinh chét
e coS(a + k2r) = cosa;  sin(a + k2x) = sina, voi keZ
e -1<cosac<l; —1<sina<1
Vidu 1:
X
/\
[ 4 A X
5
N 1 . ( r J3 sin410° = sin(150° + 360°)
cos| —= [==; sin|—=|=——
5) o[ 5) 1

=gsin 150° = =
2

2. Gia tri lwong giac cua tang va cotang
a. Céc dinh nghia
b. Y nghia hinh hoc
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Cho duong tron luong gidc. V& truc sb
At va Bs Ia hai tiep tuyen tai A v B (nhu
hinh v€). Mot diem M(x; y) thudc duong
tron sao cho (OA , OM) = a. OM keéo dai
cat At tai T, cat Bs tai S.

tana=AT;  cota=BS
(] Tryc At: truc tang
[l Truc Bs: truc cotang

cot(a + k) = cota, voi k € Z

*cota=—— (axkX Kke2)
tana 2
2 1 T
*1+tan“o=———, (a#—-+kmkeZ)
Cos” o 2
*1+cot’o=— —, (azkmkeZ)
sin’a

3. Gia tri lwgng giac mot goc dic biét

o 0 Vs Vs T T
6 4 3 2
sina. 0 1 N !
2 2 | 2
cosa 1 J3 2 1 0
2 | 2 2
tana 0 1 1 V3 I
3
cota I J3 1 1 0
3
4. DAu cac ham so lwong giac
) } Go6c phan | | | m | v
! tu
. ) . ] sino + + - -
’ J cosa + - - +
m v tana + - -
cota + - -

5. Cong thirc luwgng giac co ban
* sin®a+cos’ o =1
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*1+tan’ o =—

, (% Z1kmke2)
Cos“ o 2

*14cot? o = (o # km,k € 2)

sino

*cota=——, (azkZ ke2)
tan a 2
7. Gia tri lwgng giac ciia cac goc (cung) co lién quan dac biét

a/ Hai géc ddi nhau

¥ sin(—o) =-sina.
al \ cos(—a) = coso.
‘-ﬁ
A x tan(-o) = —tana
=1

VDL1: sin(-30°) = —sin30° = _%

b/ Hai géc hon kém nhau &t
ﬁ@ﬁ sin(n + o)) = — sina.
cos(m + a) = — cosa
M%J tan(n + a) = tana

3

VD2: c0s210° = cos(180°+30°) = — cos30°=— -

¢/ Hai goc bu nhau _ )
sin(m — o) = sina.

M cos(m — a) = —cosa

o x tan(n — a) = —tana

Vidu 3: CMR: Trong A ABC sinA=sin(B+C)
Giai
Taco: A+tB+C=n<B+C=n-A
= sin(B + C) = sin(mt — A) = sinA (dpcm)
d/ Hai goc phu nhau

LT

sin(— —a) = cosa.
2
T .

cos(— — a) =sina
2

T
tan(E — o) =cota
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-
N

Vidu 4;: CMR cos(%+oc):-sinoc
Giai
Ta co: cos(% +q) = cos[% — (-]

= sin(—a)) = -sina (dpcm).

I1. BAI TAP AP DUNG
Bai 1. Tinh c0s390°; sin420°
Giai
e c0s390° =cos(30° + 360°) = cos30° = g
e 5sin420° = sin(60° + 360°) = sin60°= ?

Bai 2. Cho sina= —% , 180°< a0 < 270°. Tinh cosa, tana, cota.
Giai
Ta c6: cos’a = 1 — sina. ﬂ—(—%)z 3
Vi: 180°< a <270° = cosa. < 0

A 3
nen: cosa = —g

4
Khldé tana=w=—5=ﬂ; Cota=i=§
cosa 3 3 tana 4

5

Bai 3. Ching minh déng thirc sau: cos’a — sin‘o = 2cos?o — 1

Ta co:

VT = cos*a — sin*a = (cos?a + sin“a)(cos’a — sin“a)

= cos?a — (1 — cos’a) = 2cos’a — 1(dpem)
Bai 4. Cho tana = 3. Tinh A:M
sina + 5cosa
Giai

Vitana=3 = cosa =0
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2sina  3cosa
_ A= cosa ' cosa _2tanar3_23+3_9
sina _5cosa ~ tanats 345 8

Cosa Cosa

BAI TAP
Bai 1. Cho cosa, = —% , g <o < 7. Tinh sina, tano..

Bai 2. Cho tan o = 3, 180° < a < 270°. Tinh cac ham s6 luong giac con lai.
Bai 3. Cho tana = 2. Tinh c4c biéu thiec:
A _ 2sina+3cosa B 2¢0s”a. + 3sin o.cosa

sina- 7coso 3sinZou+2

Bai 4. Tinh cac gia tri lvong giac cia cac goc sau
a/—g+(2k+l)n b/kn clg+kn d/§+kn

Bai 5. Pon gian cac biéu thic

- - 1-cos 1
a/+/sin*a +sin’a.cos’a b/
sin‘fac 1+cosa
1-sin®a.cos’a cos
c/——————cos"a d/tan o+ ———
cos‘a 1+sina
Bai 6. Chung minh cac dang thic
. 1
a/cos*a—sin*a =2cos’a—1 b/l-cot'a=————
sin“a sin‘a
1+sin’a . .
c/———=1+2tan’a d/cos‘a+sin*a =1-2sin’a.cos’a
1-sin“a
Bai 7. Chirng minh cac biéu thirc sau khong phu thudc x
a/~/sin® X + 4c0s’X ++/cos*X + 4sin? X b/ 2(sin® x +cos®x) —3(cos*x +sin* x)
2 tx+1
c/ s d/ (cot x + tan x)* — (cot X — tan x)?

tanx-1 cotx-1
Bai 8. RUt gon céc biéu thic sau

cos X.tan x 1+sinx 1-sinx
a/ ——————cotx.cos X b/ — + ,
Sin“x 1-sin x 1+sinx
2 2 -
X — X SinX.cos X .
/&% ZCOS ;3N X.C08 d/(1—sin®x).cot? x +1—cot® x
cot? x cot x
Bai 9. Cho tanx =5. Tinh:
A _ B+3sinx.cosx g __ 5sinx+3cos’
7sin2x—cosix 2sin? X.COSX + COSX
Bai 10. Chirng minh biéu thirc sau khong phu thudc x
. i ) 1—tan® x)? 1
a/ 2cos*x —sin* x +sin? x.cos°x + 3sin? x b/ (L—tan x)”

7 4tan*x  4sin’ x.cos’X
Bai 11. Chirng minh dang thirc sau

i ) tan X + tan
a/sin® x +cos®x =1—3sin* x.cos’x b/tanx.tany:—y
cot X +coty
2 =2
i . cos’a—sin‘a .
c/sin*a.tana+cos’a.cota + 2sina.cosa =tana+cota d/——— — —sin%a.cos’a

cot’a—tan’a
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Bai 12.Tim x biét:

alsin2x =1 b/ cos2x = -1
c/25inx—1=0véi%<x<n d/ 4cos’x —1=0 (0 < x < )
Bai 13. Tim GTLN-GTNN cua cc hm s6 sau
aly=+/1+cosx +3 b/y =23cosx +4sinx +2
Bai 14. Tinh

A =5sin’10° + sin®20° + sin?30° +....+ sin®80°
B =cos10° + c0s20° + cos30° +.....+ cos180°
C=co0s315° +sin330° + sin250° — cos150°
Bai 15. Tinh:
E_ sin(—234%) — c0s216°
~ sin144° —cos126°

F =sin25—n+cos@+tan(—zﬁ)
6 3 4

.tan 36°

Bai 16. RUt gon céc biéu thirc sau

a/cos(g+x)+cos (2m—x) + cos(3m+x)

b/ 2cosx — 3cos(t—x) + 53in(7§—x)+cot(37n—x)

c/tanl°.tan 2°.tan 3°......tan 89°
d/cos250°.tan(—672°).sin(—1050°)
Bai 17. Chiing minh rang:
1-2sina.cosa 1-tana

al————= b/tan? a—sin® o = tan® a..sin’
cos‘a—sin“a 1l+tana
] . sina+cosa-1 2cosa
c/2(1—sina)(1+cosa) = (1—sino.+coso)’ d/ =—
1-cosa sina—cosa+1

Bai 18. Cho sinoc:g, % <a<r. Tinh:
a/ COS(%+a) b/ cos(n + o)

c/ tan(w — o) d/ cot(% -a)

Bai 19. RUt gon cac biéu thirc sau
Ao (cos 44° +tan226°)cos406°
€0s316°

B= cos(5n—x)—sin(37n+xj+tan (%—xj+cot(3n—x)

—cot 72°.cot18°

C =sin825°.cos(—15°) + cos75°.sin(—555°) + tan155°.tan245°
Bai 20. Chimg minh rang A, B, C 1a ba goc trong A ABC thi

alsin (MJ =cosC b/ tan (#j = cot£
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------------------ G e
ON TAP CHUONG III
Bai 1. Cho sina. = g, g< o <. Tinh: sin2a , cos2a. , sinda., cosda.

Bai 2. Tinh céc gia tri lwong giac cua goc I—’zt

Bai 3. Cho a, b la goc nhon véi cosa = g,tan b =% . Tinh sin(a — b), tan(a — b)

Bai 4. Cho sina:%,sinb:%vé’i 0<a<Z, Z<b<x . Tinhsin(a+b)
Bai 5. Chirmg minh cac dang thic sau
4 - 4 1 1 2 - 4
a/cos” x+sin x:§+§cos 2X b/3—-4cos2x+cos4x =8sin” x
c/8cos* x —8c0s? X +1=cos 4x d/25in(%+ajsin(g—a]:c052a
1+sin2a—cos?2a

e/sino.(1+cos2a) = sin 2o.cos o fl—= =tana
1+sin?2a+cos?2a

2

g/tano— =—
tan a tan 2a
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CHUONG I. CAC HE THUC LUQNG TRONG TAM GIAC. PHUONG PHAP TOA
PO TRONG MAT

§1. CAC HE THUC LUQNG TRONG TAM GIAC VA GIAI TAM GIAC

I. KIEN THU'C CO BAN
1. Céc ki hiéu trong AABC

b6 dai: BC=a, AC=h, AB =c.
ha, Ny, e: d6 dai duong cao ung véi A, B, C c

M,, My, Me: d6 dai trung tuyén tng vai A, B, C

e p= 3+D*C. hira chu vi AABC. B
2

S: Dién tich AABC.
R, r: ban kinh dudng tron ngoai tiép, noi tiép AABC.

N

. Céc dinh li

2.1.  Pinh i c6sin: a? = b? + ¢ — 2bc . cosA
b® + ¢ -a’

2bc
2b* + 2¢® - @

4

2.2.  Dinhlysin: a __b ¢

sinA__ sinB ) sinC )
Vidu 1: Cho AABC ¢6 A = 60°, b = 8cm, ¢ = Scm. Tinh a, d6 dai trung tuyén m,, ban
kinh duong tron ngoai tiép R cua AABC.

e Héqua: cosA =

e Héqua: m2=

Giai
o a’=b”+c?—2bc.cosA = 64 + 25 - 2.8.5.c0860° = 49 = a = 7(cm)
2o 207 +2¢7-a7 _264+225-49 129 V129

= =" (cm
a 4 4 4 a 2 (cm)
° LZZR:R: a = 7 :l:E(Cm)

SinA 2sinA  2.sin60° 3 3
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3. Cong thirc tinh dién tich caia AABC

1. S= 1a.ha :lb.hb :lc.h
2 2

2 Cc
2. S= 1a.b.sinC = 1b.c.sinA = la.c.sinB
2 2 2
3 gz abc
4R
4, S=pr

5. S=p(p-a)p-b)p-c) (cong thic HE-rong)

Vidu2: Cho AABCcéa=7,b=8,c=5Tinh S, h, R, 1, A.

Giai

S= p(p-a)(p-b)p-c)
Taco p=2FR*C_T*8%5 4y 5= f0.3.2.5=1043

2 2
5= Lan, =, =B 21008_ 2005
2 a 7 7
S:ﬂ:R:@:ﬂ:l:@
4R 4S5  4.1043 3 3
S:p_r:>r:§:M=\/§
10
S:lb.c.sinA:>sinA:§:M:QDA:GO°
2 bc 8.5 2
BAI TAP AP DUNG

@DANG 1: TINH MOT SO YEU TO TRONG TAM GIAC THEO MOQT SO YEU
TO CHO TRUOC

Bai 1.

& Phwong phap
- Ap dung cho cac dinh Ii cBsin, sin va cac cong thirc tinh dién tich.
- Chon céc cong thirc thich hop dé tinh cac yéu t6 trung gian.

Cho AABC ¢6 AB = 6, AC = 10, A = 120°.

Tinh d¢ dai duwong cao AH cua AABC.
Tinh d¢ dai doan phén giac trong AD cia AABC.
Goi I 1a diém nam trong AABC. Goi E, F, K lan luot I1a hinh chiéu vuéng goc cua |
trén AB, AC, BC. Tinh IE. AB + IF. AC + IK. BC
Giai
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a. Tinh d6 dai duong cao AH cua AABC

Taco:S= 1a.ha:> h, = =
2 a

Trong AABC ta cé : a> = b® + ¢? — 2ab.cosA = 10% +6°— 2.10.6 c0s120°
=100+36+60=19 =>a=14 A

Mat khéc: S = %.10.6.sin120° =153 b

X 2.15\3 _ 153
Vay: h, = =

ay. Ny 14 7 B
b. Tinh d6 dai doan phan giéc trong AD cua AABC

Ta c0: Saapc = Saasp + Saapc
& lAB.AC.sinA = 1AB.AD.siné + 1AD.AC.siné
2 2 2 2 2

< AB.AC.sinA=AD. sin%. (AB +AC)

AB.AC.sinA _ 6.10.sin120° _ 60 _ 15

< AD = A = 2= 15
sinz.(AB+AC) sin60° . (6 +10) 1 4

c. Tinh:IE. AB + IF. AC + IK. BC A
Saasc = Saas t Saiac + Samsc

1 . 1 1 1 F
e EAB.AC.SInA = > IE.AB + EAC.IF + > IK.BC

<:>15\/§:%(IE.AB+AC.IF+IK.BC) B @

& IE. AB + IF. AC + IK. BC = 3043

#DANG 2: GIAI TAM GIAC

& Phwong phap:

- Tim céc yéu té con lai cua tam giac (goc, canh)

Bai 2:

a. Giai tam giac ABC biét A=45°,b=2 ¢c= 2
Giai
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a2=b%+c?—2bc.CoSA=4+2-222.c0s45°=2=a= 2
a?+c?-b® _2+2-4 _

= =0=B=90° A
2ac 2.2.2

cosB =

45° _
o C =180°—(B+A)=180°— (90°+ 45%) = 450 ¢=+2 b=2
b. Giai AABCbiéta=2y3,b=2V2,c=6-2 g c
a
Giai
2 2 2
. cospc DtCi-al_ 8+8-2/12-12 _ 4-43 N S
2bc 2.2V2 (V6 -2) 4.2(y3-1) 2
2 2 2
. cosgz & FC b 12+8-4\3-8 _  12-443 :£:>8245°
20 2.23(V6 2) 4 3(d6 ) 2
o C=180°— (A + B) = 180° — (120° + 45°) = 15°
c. Giai ABC biét A =120° B =45, a =53
Giai
o C=180°— (A +B) = 180°— (120° + 45°) = 159
° _iz_L:>b:_i.SinB: 5\/§ .Sin450=%.—2=5\/§
SinA  sinB SinA sin120° V32
2
e Coob 52 e 5V2 G 0 intste 2,50
sinC  sinB sin45° V2
2
@DANG 3: CHUNG MINH CAC HE THUC VE MOI QUAN HE GIUA CAC
YEU TO CUA MOT TAM GIAC
& Phuwong phap
- Dung céc cong thuc thich hop dé bién doi vé nay thanh vé kia hoac bién doi
tuong duong dua vé mot dang thire ding.
- Chay gia thiét va két luan ctia bai toan dé tim hé thirc twong ung thich hop dé
bién ddi
Bai 3: Cho AABC. Chang minh rang:
a. b*>—c?=a (b.cosC — c.cosB)
b. sinA =sin B.cosC + sinC.cosB
Gial
a. CMR :b?—c?=a (b.cosC — c.cosB)

VP =a (b.cosC — c.cosB) = ab.cosC — ac.cosB

40



Gi4o trinh Toan 2 Trudng Cao Ping Ly Tw Trong TP. H6 Chi Minh

2 2 a2
Trong AABC ta cé : c¢? = a% + b® — 2ab.cosC = ah.cosC = %
2 2 g2
b? = a® + ¢® — 2ac.cosB :ac.cosB:%
2,12 2 2,2 32 2,12 2 2 2 32
Vay : VP = a +l; ¢ a +c2 b _a +b° —c 2a c+b _b— =VT (dpem)
b. CMR: sinA =sinB . cosC + sinC . cosB (*)
Trong ABCtaco: -2 =2 =€ —op—sina=2 sinB=-2, sinc=_C
sinA sinB sinC 2R 2R 2R
Dods (9 e &= D HVoC o arc b

2R 2R’ 2ab 2R 2ac

_at+b*-c? +a2+cz—b2
2a 2a

=a

a?+b*-ct+a’+cf - b 2a®

<a ——
2a 2a

= a (dung) = (dpcm)

#DANG 4: NHAN DANG MQT TAM GIAC

& Phwong phap
- Bién d6i biéu thic da cho vé biéu thic ¢ mdi quan hé giira goc hay

canh (bang cé&c cong thirc cosin, sin ...) dé dua vao do két luan.
Bai 4. Cho AABC c6 ab.cosC + be.cosA + ac.cosB = ¢?. AABC 1a tam giac gi?

Giai
Ta c6: ab.cosC + bc.cosA + ac.cosB = c¢?

a’ +b* -c? b® + ¢ — a? a>+c>-b* _ ,
—————— +bc.—————— +ac. —— =

2ab 2bc 2ac

< ab C

a®>+b*-c® b*+c*-a* a*+ct-b> _
+ + =c
2 2 2

2 2 2
% =¢? @ a’+b*+c?=2c’ < a’ + b’ = ¢? & AABC vubng tai C.
BAI TAP
Bai 1. Cho AABC biét

ala=5b=6,c=7.Tinh S, h, R, r, m,.
bla=+6,b=2c=+3-1.TinhA, B, C.
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¢/ A=60°,b=8,c=5.TinhS, h, R, r,m,
d/ A=120° B =45°,R=2.Tinha, b, c
e/ A=60° h,=+3,R=5.Tinha, b.c
f/lb=4,c=3,S=3/3.Tinha

Bai 2.

a/c=14,A=60° B =40°

Giai AABC biét

c/a=+6,b=2c=3+1

Bai 3. Cho hinh binh hanh ABCD c6 AB=4,BC =5, BD =7. Tinh AC.

b/la=7,b=23, C =130°

Bai 4. Chirng minh rang: trong mét hinh binh hanh, tong binh phuong cac canh bang tong

binh phuong cta hai duong chéo.

Bai 5.

Bai 6. Cho tir giac ABCD. Goi M, N lan luot 13 trung diém AC va BD. CMR :

Bai 7.

Bai 8.

Bai 9.

CMR: AABC vudng tai A < 5m? =m; + m}

AB? + BC? + CD? + DA% = AC? + BD? + 4MN?

Cho tir giac ABCD c¢6 duong chéo AC = m, duong chéo BD =n.

CMR: dién tich tir gidc ABCD, S = %.m.n.sina, V6i a 12 s6 do gbc giira hai duong

chéo AC va BD.

Cho AABC ¢6 be = a°>. CMR:

sin’A = sinB.sinC b. hp. he = h?
Cho AABC c6 b +c=2a. CMR:

2sinA = sinB + sinC b.

Bai 10. Goi G la trong tam AABC. CMR:

a.

GAZ+ GB? + GC? = %(a2 +b2+ c?)

3
m2 +m; +m’ = Z(a2+b2+(;2)
4m? = b? + ¢ + 2bc. cosA

MA? + MB? + MC?= 3MG? + GA?+ GB? + GC?

Tim tap hop diém M sao cho : MA? + MB? + MC*= K? (K € R).
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§2. PHUONG TRINH CUA PUONG THANG

|. KIEN THUC CO BAN
1. Phwong trinh tham sé ciia dwong thing

1.1. Vecto chi phwong ciia dwong thing

* Dinh nghia. Vecto u#0 duoc goi 1a vecto chi phwong ciia dwong thang A néu
gia cua u song song hodc trung voi dudng thang A.

= Nhan xét: Néu u 13 vecto chi phuong cua A thi k. u (K # 0) cling 1a vecto chi
phuong cua A.

1.2. Phwong trinh tham s6
Trong mat phang Oxy, dudng thang A di qua diém M(X, ; Yo) va c6 vecto chi phuong
X =X, +at

y=y, +bt

0

Zt(a; b) c6 phuong trinh tham s6 14 : { (t: tham sd)

Vi du 1: Phuong trinh duong thang A qua M(2 ; 3) va c¢6 vecto chi phuong

= (35 I X=2+3t

u =(3;-5) la: y=3-5t"
Chay: Ph h (A X=X

@ - 3 .
Uy: Phuong trinh (A) : y =y, +bt

z X — X —
Néua=0,b=0thitaco: aO:y Yo

0 (*) thi (*) goi la phuong trinh chinh

tac cua duong thang A.
2. Phwong trinh tong quat ciaa dwong thiang
2.1.  Vecto phap tuyén cia dwong thing
= Pinh nghia. Vecto n =0 goi 1a vecto phdp tuyén ciia dwong thing A néu gbc

cua n vudng goéc voi A. v 4
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= Nhén xét: - Néu n 13 VTPT cua A thi k.n (kK = 0) ciing 1a VTPT cia dudng
thang A.

MeA

- Buong thang A duoc xac dinh néu biét: .
VTPT: na

-a=(xy), bla=b=(y;-x) hay b =(y;x)
2.2. Phwong trinh tong quéat

Puong thing (A) di qua M(x; Yo) va ¢6 vecto phép tuyén n = (A; B) Ia;
AX—Xo) +B(y—Yo) =0
< AX+By+C=0(*) (v6i C =—-Ax, — By,)
(*) duoc goi & phwong trinh tong quét cua A.
Nhu vay: Trong mit phang Oxy, moi duong thiang déu c6 phuong trinh tong quat
Ax + By + C =0, v6i A*+ B? % 0.

= Ch( ¥: Dudng thing (A): AX + By + C=0 = VTPT: n = (A, B)
Vi du 2: Viét phuong trinh tong quat cua dudng thang A biét:

a/ (A) di qua M(2; 4) va c6 VTPT n = (-3; 5);

b/ (A) di qua A(3; 4) va song song duong thang (d) : 2x—y + 1 =0.
a/ (A) di qua M(2; 4) va c6 VTPT n = (-3; 5):

= PT:a(X—X,) +b(y—y,) =0

< -3x-2)+5(y-4)=0<-3x+5y-14=0
Vay phuong trinh tong quat coa duong thang (A): —3x + 5y —14 =0

b/ (A) di qua A(3; 4) va song song duong thang (d): 2x—y +1=0
Puong thang (d): 2x —y +1=0= VTPT: n, = (2; -1).

(A) qua A(3; 4) va song song (d) nén nhan n, = (2; —1) 1am VTPT.
=PT(A):2(x-3)-1(y-4)=0<=2x-y-2=0
Vay PT téng quét (A): 2x—y -2 =0

3. Céc dang dic biét cia dwong thiang
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Trong mpOxy cho dudng thang A: ax + by + ¢ = 0, a® + b* = 0
e Néua=0thi(A):by+c=0hayy= —% song song hoic triing Ox.
e Néub=0thi (A): ax + ¢ =0 hay x = —< song song hoic tring Oy.
a

e Néuc=0thi(A): ax + by = 0 di qua gdc toa d6 O(0; 0)

y y y
¢ _c
y= b Xx=| d
@) X @) X X
A:by+c=0 A:ax+c=0 A:ax+by=0

4. Hé s6 goc cia dwong thang
Cho duong thang (A): ax + by + ¢ = 0 (vai b = 0)

oy= —%x - % . Khi d6: K = _% duoc goi 1a he sé goc cua A.

Vi du 3: Cho dudng thang (A): 2x + 3y — 4 = 0. Tim hé sé géc cua (A)
Giai
. _ _ 2
(A):2x+3y-4=0c=y= —§x+2

Vay hé s6 goc (A) la: K = —%.

5. Vi tri twong doi ciia hai dwong thang
Trong mit phang Oxy cho hai duong thang :

Ar:aXx+by+c,=0vaA:ax+hby+c,=0

ax+by+c, =0

)

Toa do giao diém cua A, Va A, 12 nghiém cua hé: {
ax +b,y +c, =0

1) (1) ¢6 1 nghiém (X, Vo) <> A; Cat A, tai M(Xo; Vo)

2) (1) vO nghiém < Ay Il A,

3) (1) vd sb nghiém < A, = A,

@ Chu y: Néu a,, by, ¢, déu khac 0, ta co:
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, a b
A Ccat Ay & L L
a, 2

a b C
Al//A2<:>_:_1¢_l
a2 b2 C2

a b c
A15A2<Z>_1:_1:_1
a, bz C,

Vidud:ChoA;:2x+y—-4=0; A x—-y—1=0; As: 2x — 2y + 2 = 0. Xét vi tri twong
ddiciad:x—y+1=0V8iA;.Ay; As.

Giai

, s 1 =1 ,
o Xetd:x—y+1:0vaA1:2x+y—4:O.Taco:57&7 =dcatA;

. 5 , 1 -1 1

. Xetd:x—y+1:0vaA2:x—y—1:O.Taco:}=—¢—]:>d//A2
, X L1 -1 ]

o Xetd:x—y+1:0vaA3:2x—2y+2:O.Taco:E=—2=5 =d=A3

6. Khoang cach tir 1 diém dén 1 dwong thang

Trong mpOxy cho diém M(Xum; Ym) va duong thang (A): Ax + By +
M
C = 0. Khoang cach tir M dén A Ia:

d(M, A) =12 \

7. G6c giira 2 dwong thiang

});nh nghia. Cho 2 du:(‘)rng théng A aX bly +¢,=0 cO VTPT ;lj = (al, bl)

Ay T aX + b2y +¢,=0 cO VTPT ;12 = (ag, b2)
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Goi @ la goc gitra A; va A, thi @ dugc tinh :

I’l].l’lz‘

cosQ = _—T .
] ]

COS(n], nz)

|a,a2 + b,b2|
\/af + b .\/ag + b

& ChU ¥: ¢ bing hodc bl véi 2 vecto chi phuong u;, u> cia Ay Va A,

Vay: cosp =

7 Lo ur . Uz
Do d6: ¢ cd thé tinh theo cong thirc: cos¢ = Cos(m, uz) == =
]|
I1. BAl TAP AP DUNG
‘- . , .2 . , x=3+2t
Bai 1: Tinh khoang cach tir diém M(3; 4) dén duong thang A: I+7
y=-
Gial
{X =3+ 2t x —3 y + 1
; < =
y=—-1+t 2 1
SX-3=2y+2X-2y-5=0
Khoang cach tir M(3 ; 4) dén A Ia:
3-24-5
d(M, A):QZQZQ\/}

NEZ IS

Bai 2: Cho AABC c¢6 phuong trinh cac canh:
AB:x+y—-3=0; AC:x+10y+15=0;BC:4x-5y+15=0

a) Timtoa d6 cac dinh cua AABC.
b)  Viét phuong trinh tong quat cac dudng cao A.
Giai

a) Toado dinh A = AB n AC nén la nghiém hé:

x+y-3=0 x=5 A(S: 2
Slertoy+i5=0 S Jy=-2 AG)
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Toa do dinh B = AB n BC la nghiém cua hé:

x+y—-3=0 x=0 B(0: 3
Slax—syr15=0 Tly=3 —BO3

Toa do dinh C = AC n BC la nghiém cua hé :

x+10y +15=0 x=-1 Ol 5
Clax—sy 415207 1y =5 =CCLD)

Vay cac dinh cua AABC la: A(5; -2), B(0; 3), C(-1; -5)

b) Puong cao AH qua A(5; —2) va nhan BC = (-5; —4) A VTPT
= PT (AH): —-5(x-5)-4(y+2)=0<«< -5x—-4y+17=0

DPuong cao BK va CE tuong tu.
BAI TAP
Bai 1. Viét PT tham sb cua duong thing (d) biét :

a) (d)quaAB;4)vacoVTCP: u =(7;3);
b) (d) qua B(-2; 1) vacod VTPT: n = (3;-2) ;
c) (d)diquaM(4;-1),N(;3);
d) (d) c6 hé s6 goc k = 2 va di qua diém M(-1; 2).
Bai 2. Viét phuong trinh tong quéat caa duong thang (A) biét:

a) (A)quaM(3;1)vaco VTPT n= (-3;4);

b) (A) qua A(4; -5) vasong song (d) : 2x -5y +1=0;

) (A) qua A(-2; 1) va vubng goc véi MN biét M(3; 0) va N(2 ; -1) ;

d) (A)la duong trung truc cua doan AB véi A(3; -2), B(1; 0).
Bai 3. Cho AABC c6 A(1; 2), B(3; 1), C(5; 4). Viét phuong trinh téng quat cac dudng cao
cua AABC.

Bai 4. Viét phuong trinh téng quat cua:

a) Puong thang Ox ¢) Buong thang qua M(3; 4) va song song Ox
b) Puong thang Oy d) Buong thang qua N(— 2; 4) va song song Oy.
Bai 5. Cho A(3; 4) va B(5; 2).
a) Viét phuong trinh tong quat dudng thang vudng goc voi AB tai A.
b) Viét phuong trinh tong quét cia dudng thang AB.
Bai 6. Xét vi tri twong ddi cua 2 duong thiang sau:
a) A;:2Xx—-5y+3=0vaA,;:bx+2y-3=0
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b) Ai:x—3y+4=0vaA,:05x-15y+4=0
C) A;:10x+2y—-3=0vaA,;:b5x+y-15=0

Bai 7. Cho AABC c6 duong cao AH: 2x +y —4 =0, duong cao BH: x —y -2 =0va AB: 7x

—y + 4 =0. Viét phuong trinh téng quét cac canh AC, BC.

Bai 8. Cho AABC c¢6 2 duong cao: BH : 2x +y—4=0va CH: 7x — y + 4 =0 va diém
A(-3; 2). Tim phuong trinh cac canh AB, AC, BC.

Bai 9. Cho AABC c6 A(L; 2), B(4; —3), C(0; —2). Viét PT tham sé, tong quéat cua:

a) Cac canh AB, AC, BC;

b) Cac duong cao AH, BK, CE;

¢) Cac duong trung tuyén AM, BN, CF.
Bai 10. Viét PT duong thang (A) biét:

. x=1+2t
a) (A) song song véi (d) : {y _3_s, va qua M(3; -5) ;

x=1

b) (A) qua O(0; 0) va vudng gdc (d) : {y _ 3

c) (A) qua N(1; 1) va song song truc OX ;
d) (A) qua A(-2; 1) va vudng géc truc Oy ;

e) (A) qua B(-2; —3) va song song (d) : % + % =1.

Bai 11. Chod;: 2mx+ (m—-3)y+4m—-1=0vad;: (m—-1)x+(m+2)y+m—-2=0
a) Dinh m dé d; L d,.
b) Pinhmdé (d,, d, ) = 45°
Bai 12. Cho AABC c6 3 canh AB: x+ 3y +1=0; AC: J3x+y+11=0
vaBC: x-y-10=0. CMR: AABC can.
Bai 13. Tim tap hop cac diém cach déu hai duong thang :

A1:5x+3y—-3=0vaA,:5x+3y+7=0

Bai 14. Viét phuong trinh duong thang di qua diém M(2 ; 5) va cach déu 2 diém: A(-1; 2),

B(5;4)

Bai 15. Tinh gdc gitta hai duong thang:
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a) dg

b) dy:

c) di
d) dy
e) dy

'X—3y+9=0vad,:2x-y-2=0

x =-2t ¥ x=1+3t
va d,: :
y =-3t 2 y =3+ 6t

:IX-y+5=0vad,:4x+3y-8=0;
:2X+5y—-7=0vady:3x—-7y+8=0;
M+ X+ (mM-1)y-7=0vadyx+my+1=0.
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§ 3. PHUONG TRINH PUONG TRON

I. KIEN THUC CO BAN

1. Phwong trinh dwong tron
e Phuong trinh duong tron tdm I(a ; b),
ban kinh R 1a: (x —a)? + (y — b)* = R?

e Nguoc lai phuong trinh:
x> +y*—2ax—2by+c=0vsia’+b’—c>0
la phuong trinh cta duong tron tam I(a; b)
va ban kinh: R = (Jja’ + b* — ¢

2. Phwong trinh tiép tuyén cia dwong tron
e Phuong trinh tiép tuyén tai M(X,;

Yo) cua duong tron tdm I(a; b) la:

(x, —a)(X—=Xo) + (Yo —b)(Y —¥0) =0

Xy

Vi du 1: Viét phuong trinh tiép tuyén cua dudng tron (C):

(X —2)% + (y + 3) = 1 tai M(3; -3)

Giai

PTTT cua duong tron (C) tam 1(2; —3) tai M(3 ; -3) la:

(3 —2)(x—-3)+(3+3)(y+3)=0ex-3=0

I1. BAI TAP AP DUNG

#Dang 1: Nhan dang phwong trinh dwong tron
@ Cach 1:

- Pua phuong trinh vé dang : x* + y* — 2ax — 2by + ¢ = 0 1)
- Néu a® + b* — ¢ > 0 thi (1) 1a duong tron ¢6 tam I(a ; b), ban kinh R = (/a® + b> — ¢

& Cach 2:

- Pua phuong trinh vé dang: (x —a)’ + (y —b)*=m

(2)

- Néu m > 0 thi (2) 1a dwong tron c6 tam I(a; b), ban kinh R = Vm .
Bai 1. Trong cac phuong trinh sau, phuwong trinh nao 1a phuong trinh ctia duong tron.

Tim tam va ban kinh (néu co) ?
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Q) X*+y —4x+2y+7=0 C) 2x° +2y* —4x +8y—2=0

b) x*+y*+2x—6y—15=0
Giai

X+ Yy —Ax+2y+7=0 (1)
Tacé:a=2,b=-1,¢c=7

?+b’-c=4+1-7=-2<0
Vay (1) khéng phai 1a phuong trinh cta dudng tron.

X2 +y?+2x—6y—15=0 (2)
Tacé:a=-1,b=3,c=-15

a2+’ -c=1+9+15=25>0
Vay (2) 1a phuong trinh ctia dwong tron tam I(-1 ; 3),
ban kinh R = fa> + b> —c =25 =5

2x2+2y° —4x +8y—2=0 (3)
Taco:a=1,b=-1,c=-1

a+b’-c=1+4+1=6>0

Vay (3) la phuong trinh ctia duong tron tam I(1 ; —2), ban kinh R = /6
Bai 2. Cho phuong trinh: X? + y* — 2mx + 4my + 6m — 1 = 0 (1).
Tim m dé (1) 13 phuong trinh caa duong tron.
Giai
Phuong trinh: X* + y* — 2mx + 4my + 6m — 1 = 0 (1)
Vdia=m, b=-2m,c=6m-1
(1) 1a phuong trinh cua duong tron < a*+ b’ —¢ >0
s m+4m*—6m+1>0
omi-m+1>0< 5
m > 1
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1 R . \
Vay: m < 5 v m > 1 thi (1) Ia phuong trinh duong tron.
&Dang 2: Lap phwong trinh dwong tron
@ Cach 1:
- Tim tdm I(a; b) cua duwong tron (C).

- Tim ban kinh R cua (C).
- Viét phuong trinh (C): (x —a)? + (y — b)* = R?
& Cach 2:

- Goi phuong trinh ctia duong tron (C) : x* + y? — 2ax — 2by + ¢ = 0(¥)

- TUr diéu kién d¢é bai dua vé hé phuong trinh véi an a, b, c.
- Giai hé tim a, b, ¢ rdi thé vao (*).
Bai 3. Viét phuong trinh duong tron (C) biét:
a/ Tam 1(3; 1) va qua A(4; 2)
b/ Qua 3 diém A(1; 2), B(5; 2), C(1; -3)
Giai
a/ Buong tron (C) tam 1(3; 1) va qua A(4; 2) nén c6 ban kinh:

R=IA= I+1=+2

= Phuong trinh duong tron (C) : (x — 3)% + (y — 1)* =2

b/ (C) qua A, B, C. Goi (C) : X+ y*—2ax —2by +c =0
Vi (C) qua A(L; 2), B(5; 2), C(1; -3)

1+4—-2a-4b+c=0

& 325+4—-10a—4b+c=0
I1+9-2a+6b+c=0

2a+4b-c=5 a=3
o ll0avdb-c=29 o b:—é
2a—6b—-c=10 _
c=-1
Vay (C): x> +y*—6x +y—1=0.
BAI TAP

Cau 1. Xac dinh tdm va tinh béan kinh cta cac duong tron sau (néu co):
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a) X’+y?—4x+6y—12=0 C) 2X*+2y°—8x+y—24=0
x —3Y +1)
b) X2 +y?—x+y+10=0 d)( > j +(y2 j =1

CAau 2. Viét phuong trinh dudng tron (C) biét:

a) (C)quaA(3;1)vacotam I(1; -3).

b) Tam 1(2; —1) va tiép xdc (A) : 3x +4y -4 =0

c) QuaA(l:4), B(0; 1) vaco tdm nim trén duong thing d: 2x —y —2 =0
Cau 3. Cho (C): x* +y*—2(m + 1)x + 2my + 3m* -2 =0

a) Tim m dé (C) 1a duong tron.
b) Tim quy tich tdm cta duong tron (C).
Cau4.Cho (Cp): X2 +y? —mx—4y-m+2=0

a) CMR: (C,,) luon la duong tron.
b) Tim m dé (Cy,) ¢6 ban kinh R = /130.
Cau 5. Lap phuong trinh tiép tuyén caa duong tron (C) biét:

a) (C):x?+y* +4x — 6y + 3 =0 va song song dudng thing (d): 3x—y +1=0
b) (C): x>+ y?—6x + 2y = 0 va tiép tuyén vudng goc (d): 3x—y +6=0
c) (C): x*+y?—4x — 2y = 0 va tiép tuyén di qua A(3; -2).
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84. PHUONG TRINH PUONG ELIP
I. KIEN THUC CO BAN

1. Pinh nghia dwong elip

, . M
Cho 2 diém F4; F, ¢6 dinh vai F1F, = 2¢ (¢ > 0)
Elip Ia tap hop cac diém M trong mit phiang sao cho:
F:M + F,M = 2a (a & s6 cho truéc 16n hon c).

o F,F,goilacdc tiéu diém.
e F,F, =2cgoi latiéu cu.
Y A
2. Phwong trinh chinh tac cia elip

Phuong trinh chinh tic cua elip: M

2 2
T+l c1wict=at b /“

<]

“ F—;0) |0 Fc0)

3. Cac yéu to caa elip

x* oy’ L 22 42
E) — +=—=7Vvdic°=a"-b
(E) s

e Tiéu diém: F4(-c, 0); F4(c, 0) e Tiéucu: F,F, = 2c
o Toa d¢ dinh: Ay(—a, 0); Ax(a, 0); B1(0, —b); B,(0, b)
e DO dai truc Ion: AjA, = 2a e Do dai truc nho: B1B, =2b

A . C
e Tamsal:e= —
a

4. Ban kinh quan tiéu

C Cc
MF, =a+ —Xp; MF, =a— — Xy
a a

I1. BAI TAP AP DUNG

1. Xac dinh céc yéu to caa elip

2 2
&Phwong phap: Tir phuong trinh chinh tic cua elip (E) : % + %

1

xac dinh a, b, ¢. Tr d6 suy ra cac yéu té caa elip.

X2 y2
Bai 1. Choelip(E): — +Z-=1
p (E) =+
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Xac dinh toa d tiéu diém, toa do dinh, do dai cac truc va tam sai cua elip.
Giai
a =25 a=

(E)— %:1 Taco: {b*=9 = <b=
c>=a’-b*=16 c=4

e Tiéu diém : Fy(-4; 0), F»(4; 0)

e Dinh A;(-5; 0), Ay(5; 0), B1(0; -3), B»(0; 3)

e Do dai truc 16n: 2a = 10, 3o dai truc bé: 2b = 6.

o Tamsai e=<-%
a 5

2. Lap phwong trinh chinh tic caa elip

& Phwong phap: + Tim mdi quan hé ciia dé bai xac dinh a, b, voia>b > 0.

Yo

+ Viét phuong trinh chinh tic caa elip (E) " b

Bai 2. Viét phuong trinh chinh tic cua elip biét:

a) Do dai truc I6n bang 10, va tiéu cy bang 6.

B3

b) Mot tiéu diém F;(—/3; 0) va qua M(1; )

Giai
a) Tacod: 2a=10=>a=5
2c=6=>c=3
Ma b?=a?-c?=25-9=16
XZ y2
Vay phuong trinh chinh tic cua elip (E): — + -

2 2

b) Phuong trinh chinh tac cua elip (E): X—Z + )k;_ =1
a

2
X NE] 1,3
- v — - = 1
Vi (E) qua M(1; 5 ) & " 4b2 1)

Tiéu diém cua (E): F1(—/3;0) = c= 3

Maa’=c?+b?=3+b? (2)
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. ‘ 1 3 ~ _
The(2)vao(1)taduqc.m+4—bz—1<:>4b4+5b2—9—0<:>b2—1

bP=1=a"=4

2 2
Viy phuong trinh chinh tic cua elip (E): X? + yT =1

BAI TAP
CAu 1. Xac dinh d6 dai truc 16n, nhé, tiéu cu, tiéu diém, tdm sai cua elip sau:
Xy . Ov2 2 _
b) (E):x*+4y* =16 d) (E) : X* +4y*=1

Cau 2. Viét phuong trinh chinh tic cua elip (E) biét:

a) Do dai truc 16n bang 26, tam sai e = %
A i . : 2
b) Tiéu diém Fy(-6; 0), tAm sai e = 3
OV f a2
c) Qua M(-2; E) va co 1 tiéu diem F,(2; 0)

d) QuaA(-3; 2) va B(4; —g)
Cau 3. Xac dinh elip (E) biét:

a) Binh trén truc nho nhin 2 tiéu diém dudi 1 géc vudng va tiéu cu bang 10.

b) M&i tiéu diém nhin 2 dinh trén truc nho goc 60° va Fy(4; 0)

¢) Truc nhé bang tiéu cu va dién tich hinh chir nhat co so 12 400.
Cau4.Cho (Cp) : X* +y?—6x—T72=0, (Cy) : X* +y* + 6x = 0

a) CMR : 2 duong tron (C,) va (C,) tiép xtc nhau.
b) Mot duong tron thay doi thm M ludn tiép xuc véi (C;) va (C,). CMR : tap hop diém M
la 1 elip.
Cau 5. Cho (E) : 9x° + 16y” = 144.

Tinh tich khoang céch tir 2 tiéu diém dén A: x +y +5=0.
Cau 6. Cho elip (E) : X + 4y* = 20 va diém A(0; 5).
a) Xac dinh tiéu cu, tdm sai cua elip.
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b) (D) 1a dudng thang qua A va cé hé s6 goc k. Gia sir (D) cat (E) tai M, N. Goi | 12 trung
diém MN. CMR: tap hop I 14 elip. Tim phuong trinh elip do.

ON TAP CHUONG I
Bai 1. Cho AABCcOAB: x+y—-4=0;AC:x-3y-8=0vaBC:3x-y=0

a) Tim toa do cac dinh cia AABC ;
b) Viét phuong trinh dudng tron tdm A va tiép xtc BC.
Bai 2. Cho AABC c6 A(3;5), B(2; 3), C(6; 2).

a) Viét phuong trinh cac canh AB, AC, BC;

b) Viét phuong trinh duong cao AH, BK, CE;

¢) Viét phuong trinh duong tron qua 3 diém A, B, C.
Bai 3. Cho dudng tron (C) : X2 + y> — 4x + 6y + 3=0.

a) Xac dinh tdm va tinh ban kinh duong tron (C);
b) Viét PTTT cua (C) biét tiép tuyén song song vai (d) : 3x —y + 1 = 0.
Bai 4. Viét phuong trinh duong tron (C) biét :

a) DiquaA(l;2), B(3;4) vatiép xtic duong thang A: 3x+y—-3=0;
b) Piqua A(-5; 8), B(—4 ; 1) vatiép xic Oy ;
c) Tam I(—4 ; -5) tiép xdc Oy;
d) Qua A(1; 3), B(5; 1) c6 thm nam trén Ox.
Bai 5. Viét phuong trinh chinh tic cua elip biét:

a) Do dai cua truc 16n bang 8, tiéu cu bang 6;
b) Tiéu diém Fy(— 3 ; 0) va d6 dai truc 16n bang 10;

. : A . 12
c) Do dai 2 tryc I16n bang 26 vatdm saie = —.

\3

d) Qua M(1;0)va N(;; 1).
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CHUONG II. PHEP DOI HINH VA PHEP PONG DANG
TRONG MAT PHANG
§1. PHEP BIEN HINH. PHEP TINH TIEN

I. KIEN THUC CO BAN

1. Phép bién hinh. Phép bién hinh F trong mat phiang 1a mét quy tic dé voi mdi diém M
ciia mat phang xac dinh duoc duy nhat mot diém M’ ctia mat phang, diém.

Diém M’ goi 1a anh ciia diém M qua phép bién hinh F
Vi du 1: Phép chiéu vubng goc.
Ki hiéu: Néu phép bién hinh F bién diém M thanh M’ ta viét F(M) = M.
2. Phép tinh tién

2.1. Pinh nghia. Phép tinh tién theo vecto v, ki hiéu T. la phép doi hinh bién M thanh M’

sao cho MM'=v . / vE
M /

u
Ki hiéu: Phép tinh tién theo vecto udugc ky hiéu T.(M)=M"

2.2. Tinh chat
«Phép tinh tién bién hai diém M va N lan luot thanh hai diém M va N’ thi M’N’ = MN.

« Phép tinh tién bién ba diém thang hang thanh ba diém thang hang va khong lam thay doi
thr ty ba diém do.

« Phép tinh tién bién duong thang thanh duong thang, tia thanh tia, doan thang thanh doan
thang bang no, tam giac thanh tam gi4c bang no, duong tron thanh dudng tron co ban
kinh bang no, gc thanh goc bang no.

2.3. Biéu thirc toa dd

Cho u=(a,b) vaphéptinhtién T, bién M(x,y) thanh M'(x"y")

X'=X+a
y'=y+b

59



Gi4o trinh Toan 2 Trudng Cao Ping Ly Tw Trong TP. H6 Chi Minh

Vi du 2. Trong mit phiang toa d6 Oxy, cho cac diém A(2;1). Tim anh caa A qua phép tinh
tién véc to v=(1;3).

Giai

X'=X+a=2+1=3
T.(A=A"= = A'(3,4)
u y,=y+b=1+3=4

Vi du 3. Cho duong tron (C ) tdm I (1,-2), ban kinh R = 5.
a) Viét phuong trinh duong tron (C)
b) Viét phuong trinh duwong tron (C) 13 anh cuaa (C) Phép tinh tién theo vecto v = (3;2)
Giai
a) Puong tron (C) tam | (1,-2), ban kinh R = 5.
Phuong trinh duong tron: (x — 1)* + (y + 2)> =25

'=x+3=1+3=4

X — 1'(4,0)
y'=y+2=-2+2=0

b) Tga):(l'):{

Phuong trinh dudng tron (C°): (x —4)? + y* = 25.

BAI TAP
Bai 1. Trong mat phang toa do Oxy, tim anh cac diém A(2;1); B(2;1); C( 1;3) ; D( 3;4)
qua phép tinh tién theo véc to v=(1;3) .

Bai 2. Trong mit phing toa d6 Oxy, phép tinh tién theo véc to v bién diém A(1;3) thanh
B(-3;2) . Tim v_

Bai 3. Trong mit phing toa d6 Oxy, tim anh cta tam duodng tron (x-2)? + (y-1)> =16 qua
phép tinh tién theo véc to v=(1:3) .

Bai 4. Trong mit phang toa do Oxy, tim anh cua tim dudng tron (x-5)° + (y+1)>=9 qua
phép tinh tién theo véc to AB véi A(2;1) , B(0;-2).

Bai 5. Trong mat phang toa do Oxy, tim anh cua trong tdm tam giac ABC véi A( 2:1); B(-3;
2) ; C(5; 2) qua phép tinh tién theo BC.

Bai 6. Trong mat phang toa do Oxy, tim anh trung diém cua cac canh tam giac ABC voi
A(2;1); B(2;1); C (1:3) qua phép tinh tién theo v=(2;1).
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Bai 7. Trong mat phiang Oxy cho dudng thing d c6 phuong trinh: X+ y + 4 = 0. Tim phuong
trinh duong thang (d') 1a anh cua d qua phép tinh tiénv = (1;2).

N . , =2+3t
Bai 8. Trong mat phang Oxy cho duong thang d c6 phuong trinh: {X " Tim phuong trinh

duong thang (D) 1a anh cua d qua phép tinh tiénv = (3;2).
Bai 9. Trong mat phang oxy cho cac diém A(0;2) , B(-3;5), dudng thang d: 3x -2y +1=0
va duong tron (C): (x-1)% + (y +2)? = 16.

a) Tim anh cia A, B va duong thang d qua phép tinh tién theo vecto v =(2;1)

b) Tim anh caa duong tron (C) qua phép tinh tién theo vec to AB.
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§2. PHEP POI XUNG TRUC
I. KIEN THUC CO BAN
1. Pinh nghia: Cho dudng thang d. Phép bién hinh F bién mdi diém
M thuoc d thanh chinh nd, bién mdi diém M khéng thudc d thanh M’ M

sao cho d 1a trung tryc cua doan thing MM’.

Phép bién hinh d6 duoc goi 14 phép déi xing 1
qua dwong thang d. Ki hiéu: Dy d
2. Biéu thirc toa dd M’

Trong mit phang véi hé truc toa do Oxy,
= Phép dbi xtng qua truc Ox bién M(x, y) thanh M’(x’,y’) voi
{x ‘=X
y'=-y
= Phép dbi ximg qua truc Oy bién M(x,y) thanh M’(x’,y’) véi
{x '=—X
y'=y
Vi du 1. Tim toa d6 anh cia cac diém A(1,2); B(-2,3).

a) Qua truc Ox;
b) Qua truc Oy.

Giai
a) Dox(A)=A’
y = '=1
Bicu thuc toa do: {XI X :{X, = A'(1,-2)
y'=-y y'=-2
DOX (B) =B’

.2 '= I:_2
Biéu thac toa do: {X, X :»{X, — B'(-2,-3)
y'=-y  ly'=-3

= — y = —
b) Doy (A)=A"
.2 = — |:_1
Biéu thuc toa do: {XI X:>{X = A"(-12).
y =y y'=2
Doy(B) =B”

s '=— ‘=2
Biéu thuc toa do: {XI X {X, = B'(2,3).
y =y y'=3
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3. Tinh chat o
* Phép doi xurng truc bao toan khoang cach gitra hai diém bat ki.

« Phép d6i xtrng truc bién bién duong thang thanh dudng thang, bién doan thang thanh doan
thang bang no, bién tam gi4c thanh tam giac bang no, bién dudng tron thanh duong tron c6
cung ban kinh.

4. True ddi xirng ciia mat hinh

Puong thang d dugc goi 1a truc déi xing cua hinh H néu phép ddi xang qua d bién H thanh
chinh né. Khi d6, H 1a hinh c6 truc di xtng.

Vi du 2. Hinh tron c6 truc d6i xtng 1a duong kinh.
BAI TAP

Bai 1. Trong mat phang toa do Oxy, cho diém A(2;3) ; B(3;2) ; B(2;-3) ; C (3;-2) ; D(-2; 3).
Tim anh cua cac diém trén qua phép ddi xang truc OX.

Bai 2..Trong mat phang toa dd Oxy, cho diém A(2;3) .B(-3:2) ; C(2;-3); D (3:-2); E(-2: 3).
Tim anh cua cac diém trén qua phép ddi xang truc Oy.

Bai 3. Trong mit phang toa d6 Oxy, cho duong thang d c6 phuong trinh: 2x -y +1=0. Tim
phuong trinh d’ 13 anh cua d qua phép ddi xang truc Oy.

Bai 4. Trong mat phang toa do Oxy, cho cac duong thang dy: 2x + 3y -1 = 0; d,: 4X — 2y + 3
=0; ds:y=5x-3.Tim phuong trinh anh cia cac duong thang trén qua phép déi xing truc
Ox va truc Oy.

Bai 5. Trong mit phang toa do Oxy, tim anh cta tam duong tron: (x-2)° + (y-1) =16 qua
phép dbi xiing truc Ox va truc Oy.

Bai 6. Trong mit phang toa do Oxy, tim anh cua duong tron: (x +2)% + (y-2)> =10 qua phép
d6i xtrng truc Ox va truc Oy.
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§3. PHEP POI XUNG TAM
I. KIEN THUC CO BAN

1. Pinh nghia. Cho diém I. Phép bién hinh bién diém I thanh chinh n6, bién mdi diém M
khac I thanh M’ sao cho I 1a trung diém cua doan thing MM’ duoc goi 1a phép doi ximg
tdm I. Ki hiéu b .

Vidu 1:

2. Biéu thiic toa dd ciia phép doi xirng qua goc toa do

Trong hé toa do Oxy cho M(x,y), M =D (M) = (x",y’) , khi d6

Biéu thirc trén duoc goi 14 biéu thic tog do ciia phép doi xing qua goc toa da.
Vi du 2: Tim toa do anh cua cac diém A(1,2); B(-2,3) qua phép d6i xtiing tam O.
Giai

bo(A)=A’
Biéu thuc toa do: {X, - = {§ - ) = A'(-1,-2)
Do (B) =B’

.2 = '= 2
Bieu thuc toa do: {XI XS {XI = B'(2,-3).
y'=-y " ly'=-3
3.Tinh chat
« Phép d6i xtrng tdm bao toan khoang céch gitta hai diém bat ki.

« Phép d6i xtrng truc bién bién duong thang thanh dudng thang song song hoic tring véi no,
bién doan thang thanh doan thing bing nd, bién tam giac thanh tam giac bang nd, bién duong
tron thanh duong tron cé cung ban kinh.
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4. Tam doi xing cia mdt hinh

Diém I duoc goi 1a tim ddi xung cua hinh H néu phép di xing tdm | bién H thanh chinh
n6. Khi d6, H 12 hinh ¢6 tam d6i xtng.

Vi du: Hinh tron c6 tim ddi xang 1a tam hinh tron.
BAI TAP
Bai 1. Trong mat phang toa do Oxy cho diém A(2;3); B(3;2) ; B(2;-3); C ( 3;-2); D(-2; 3).
a) Tim anh cua cac diém trén qua phép ddi xang tdm O;
b) Tim anh cta cac diém trén qua phép ddi xang tam 1(1,0).

Bai 2. Trong mit phang toa d6 Oxy, cho dudng thang d c6 phuong trinh: 2x -y + 1 = 0.
Tim phuong trinh d’ 1 anh ciia d qua phép dbi xang tam O.

Bai 3. Trong mat phang toa do Oxy, cho cac duong thang d;: 2x + 3y -1 = 0;

dy: 4x — 2y + 3 = 0; dg: y = 5% -3. Tim phuong trinh anh cta cac dudng thang trén qua phép
dbi xang 1(1,1).

Bai 4. Trong mit phing toa dd Oxy, tim anh cua tim duong tron: (x-2)% + (y-1)> = 16 qua
phép dbi xang tam O.
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§4. PHEP QUAY
I. KIEN THUC CO BAN

1. Pinh nghia. Cho diém O va goc lugng gidc o Phép bién hinh bién diém O thanh chinh no,
bién mdi diém M khac O thanh M’ sao cho OM’ = OM va géc lugng giac (OM, OM”) bang

a dugc goi la phép quay tam O géca. Ki hidu Qo -

Diém O goi la thm quay, con géc o goi la goc quay .

M’

2. Tinh chat
« Phép quay bao toan khoang céch gitra hai diém bat ki.

« Phép quay bién dudng thang thanh duong thang, bién doan thang thanh doan thang bang no,
bién tam giac thanh tam giac bang nd, bién dudng tron thanh dudng tron c6 cuing ban kinh.

BAI TAP
Bai 1. Cho hinh vuéng ABCD tam O.
a) Tim anh cua diém C qua phép quay tam A géc 90°
b) Tim anh cua duong thang BC qua phép quay tam O goc 90°
Bai 2. Trong mat phiang Oxy, cho diém A(2; 0) va duong thang d c6 phuong trinh:

X +y-2 = 0. Tim anh cua A va d qua phép quay tdm O géc 90°
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§5. KHAI NIEM VE PHEP DOI HINH VA HAI HINH BANG NHAU

I. KIEN THUC CO BAN

1. Pinh nghia. Phép doi hinh 1a phép bién hinh bao toan khoang cach giira hai diém bat ki.

o F(M)=M"'
F la phép doi hinh: (M) < MN=M'N'
F(N)=N'
Hinh 1.39 b

2. Tinh chat
Phép doi hinh:
« Bién 3 diém thang hang thanh ba diém thang hang va bao toan thi tu giita cac diém;

« Bién duong thang thanh duong thang, bién tia thanh tia, bién doan thang thanh doan thang
bang no, bién tam gi4c thanh tam giac bang no, bién goc thanh géc bang no, bién duong
tron thanh duong tron cé cung ban kinh.

3. Khai niém hai hinh bing nhau
Hai hinh duoc goi 1a bang nhau néu c6 mét phép doi hinh bién hinh nay thanh hinh kia.

13,2 em
1.0 em|

— 13,2 em

Hinh 1.47 /
L

1.0 em]| 1y
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BAI TAP
Bai 1. Trong mat phang toa do Oxy cho diém A(2;3); B(3;2)

a) Tim anh cua cac diém trén qua hai phép bién hinh lién tiép @6 1a phép dbi xing tm O
va phép ddi xang truc OX.

b) Hoi phép bién hinh trén co phai la phép doi hinh khong?
Bai 2. Trong mat phing toa d6 Oxy, cho dudng thang d c¢6 phwong trinh: 2x -y +1=0.

a) Tim phuong trinh d’ 1a anh ciia d qua 2 phép bién hinh lién tiép do 1a phép d6i xtiing tam
O va phép tinh tién theo v=(2;1).

b) Hoi phép bién hinh trén c6 phai la phép doi hinh khéng?
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§6. PHEP VI TU
I. KIEN THUC CO BAN

1. Pinh nghia. Cho diém O va ti s6 k= 0. Phép bién hinh bién mdi diém M thanh M’ sao cho
OM' = k.OM duoc goi 1a phép vi tu tdm O, ti s6 k. Ki higu: Vo

2. Tinh chat
*Néu phép vi tu ti s6 k bién hai diém M, N tly y theo thir tu thanh hai diém M”,N’
thi M'N'=kMN va M’N’ = |k|.MN ;
«Phép vi tu bién 3 diém thang hang thanh ba diém thang hang va khong lam thay doi thu tu
cua chung ;

*Bién duong thang thanh duong thang song song hoic tring véi n6, bién tia thanh tia bién
doan thang thanh doan thang;

Bién tam gi4c thanh tam giac dong dang véi n6
*Bién duong tron ban kinh R thanh duong tron c6 ban kinh |k|.R.
BAI TAP

Bai 1. Trong mat phang toa do Oxy cho diém A(2;3) ; B(3;2) ; B(2;-3) ; C (3;-2) ; D(-2; 3)
a) Tim anh cua cac diém trén qua phép vi tu tdm O ti sé k = 2;

b) Tim anh cua cac diém trén qua phép vi ty tdm 1(1,0) ti s6 k = -1.

Bai 2. Trong mat phang toa do Oxy, cho duong thang d c¢6 phuong trinh 2x -y +1=0. Tim
phuong trinh d’ 14 anh cia d qua phép vi ty tam O ti s6 k = 3.

Bai 3. Trong mat phang toa do Oxy, cho cac duong thang d;: 2x + 3y -1 =0; d,: 4x —2y + 3
=0; ds:y=5x-3. Tim phuong trinh anh cua cac duong thang trén qua phép vi tu tam 1(0,1)
ti b k = 1.

Bai 4. Trong mat phing toa 6 Oxy cho duong tron (x-2)° + (y-1)* =16.

a) Timanh cua tdm duong tron qua phep vi ty tam O ti s6 k =-2;
b) Tim anh cua duong tron qua phép vi tu tdm O ti s6 k = -2.
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§7. PHEP PONG DANG
I. KIEN THUC CO BAN

1. Dinh nghia. Phép dong dang ti s6 k (k >0) 1a phép bién hinh F bién hai diém bat ki M, N
thanh hai diém M’, N’ sao cho M’N” = KMN.

Nhan xét: « Phép doi hinh 1a phép dong dang ti sé k = 1
« Phép vi tu ti s6 k 1a phép dong dang ti s6 [K|
2. Tinh chat
Phép dong dang ti sé k:

« Bién 3 diém thang hang thanh ba diém thiang hang va khong 1am thay doi thu tu cua
ching

« Bién duong thiang thanh duong thang, bién tia thanh tia bién doan thang thanh doan thang
« Bién tam gi4c thanh tam giac dong dang véi n6
« Bién dudng tron ban kinh R thanh dudng tron ¢ ban kinh k.R

3. Hinh dong dang

Pinh nghia. Hai hinh goi la dong dang véi nhau néu ¢ phép ddng dang bién hinh nay thanh
hinh kia.

<af
\o

..

o

Hinh 1.51b

BAI TAP
Bai 1: Cho tam giac ABC. Xac dinh anh ctia né qua phép dong dang c6 dugc bang céach thuc
hién lién tiép phép vi tu thm B ti s k = % va phép ddi xting qua duong trung tric caa BC
Bai 2: Cho hinh chit nhat ABCD.AC va BD cit nhau tai I. Goi H, K, L, J lan luot 1 trung
diém cua AD , BC, KC, IC.Chtrng minh hai hinh thang JKLI va IHDC dong dang véi nhau

Bai 3: Trong mit phang toa dé Oxy, cho I(1;1) va dudng tron tdm | ban kinh R = 2 . Viét
phuong trinh anh cta dudng tron trén qua phép ddng dang c6 dugc bang céch thyc hién lién
tiép phép quay tdm O, géc 45° va phép vi tu tim O ti sé k = 2.
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BAI TAP ON TAP CHUONG lI
Bai 1. Cho luc giac déu ABCDEF tdm O. Tim anh caa tam giac AOF

a) Qua phép tinh tién theo vecto AB;

b) Qua phép d6i ximg qua dudng thing BE;

c) Qua phép quay tam O goc 120° .
Bai 2. Trong mit phang toa d6 Oxy cho diém A(-1; 2) va duong thang d c6 phuong trinh: 3x
+y+1=0.TimanhcuaAvad

a) Qua phép tinh tién theo vecto v =(2;1);

b) Qua phép déi xung tryc Oy;

c) Qua phép doi xtirng qua goc toa do;

d) Qua phép quay tam O gbc 90°.
Bai 3. Tim toa d¢ cua diém M, la anh cia diém M, (3; 2) qua phép tinh tién vecto v = (—4;1).
Bai 4. Tim phuong trinh ciia dudng thang (d,) la anh caa duong thang (d) qua phép tinh tién

vecto v, biét:

a) (d): x+2y-13=0va v=(L1).
b) (d):2x-y-1=0va v=(2-1).
Bai 5. Cho AABC biét A(1; 3), B(5; 1), C(-3; -1).

a) Tim toa do diém H 1a tryc tm cua AABC.
b) Tim toa d6 diém K doi xtmg v6i H qua BC.
Bai 6. Trong mat phang toa do Oxy, cho duong tron tdm 1(3; -2), ban kinh 3.

a) Viét phuong trinh ctia dudng tron do.
b) Viét phuong trinh anh ctia dudng tron (I; 3) qua phép tinh tién theo vecto v = (-2;1).
) Viét phuong trinh anh ctia duong tron (I; 3) qua phép ddi xtng qua truc Ox.

d) Viét phuong trinh anh ctia dudng tron (I; 3) qua phép ddi xting qua gdc toa do.
Bai 7. Xac dinh phuong trinh duong thang (d,) ddi xang véi duong thang (d) qua dudng
thang (A) biét:

a) (d):3x+2y-3=0va(A):2x-y=0.

b) (d):2x-3y+1=0va(A): 2x -y +1=0.
Bai 8. Xéc dinh phuong trinh duong tron (C,) ddi xang véi duong tron (C) qua dudng thang

(d) biét:

a) (C): x*+y*+4x—-6y—4=0va (d):y-3=0
b) (C): x*+y*—4x+2y+1=0 va (d):x-2=0.
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